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The original motivation for this paper is based on the natural question left open by the 
Gowers-Maurey solution of the unconditional basic sequence problem for Banach spaces ( T2 ■ ) . 
Recall that Gowers and Maurey have constructed a Banach space X with a Schauder basis (e^)™ 
but with no unconditional basic sequence. Thus, while every infinite dimensional Banach space 
contains a sequence {xn)n which forms a Schauder basis for its closure Y = {xn)n, meaning 
that every vector of Y has a unique representation ^„a„x„, one may not be able to get such 
{xn)n such that the sums ^„ a„a:„ converge unconditionally whenever they converge. The 
fundamental role of Schauder basis and the fact that the notion is very much dependent on the 
order lead to the natural variation of the notion, the definition of transfinite Schauder basis 
{xa)a<'r, where vectors of X have a unique representations as sums X^Q,<^aaa;a- In fact, as it 
will be clear from some results in this paper, considering a transfinite Schauder basis, even if one 
knows that X has an ordinary Schauder basis, can be an advantage. Thus, the natural question 
which originated the research of this paper asks whether one can have Banach spaces with long 
(even of uncountable length) Schauder bases but with no unconditional basic sequence. There 
is actually a more fundamental reason for asking this question. As noticed originally by W. B. 
Johnson, the Gowers-Maurey space X is hereditarily indecomposable which in particular yields 
that the space of operators on X is very small in the sense that every bounded linear operator on 
X can be written as Aldx + S, where 5" is a strictly singular operator. On the other hand, if X 
has a transfinite Schauder basis {ea)a<'y of length, say, j = uj'^, it could no longer have so small 
an operator space as projections on infinite intervals {ea)aei are all (uniformly) bounded. Thus 
one would like to find out the amount of control on the space of non strictly singular operators 
that is possible in this case. In fact, our solution of the transfinite variation of the unconditional 
basic sequence problem has led us to many other new questions of this sort, has forced us to 
introduce several new methods to this area, and has revealed several new phenomena that could 
have been perhaps difficult to discover by working only in the context of ordinary Schauder 
bases. 

To see the necessity for a new method we repeat that our first goal here is to construct 
a Banach space Xa;^ with a transfinite Schauder basis {ea)a<uji with no unconditional basic 
sequence as well as to understand its separable initial segments = (eo)a<^. The original 
Gowers-Maurey method for preventing unconditional basic sequences is to force the uncondi- 
tional constants of initial finite-dimensional subspaces, according to the fixed Schauder basis, 
grow to infinity. Since initial finite-dimensional subspaces according to our transfinite Schauder 
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basis {ea)a<uji Sire far from exhausting the whole space their method will not work here. It turns 
out that in order to impose the conditional structure on our space(s) (7 < wi) we needed to 
import a tool from another area of mathematics, a rather canonical semi-distance function g on 
the space uji of all countable ordinals (|M1)- What g does in our context here is to essentially 
identify the structure of finite-dimensional subspaces of various X^'s which globally are of course 
very much different, since for example 3Cuj is hereditarily indecomposable while, say, 3i^2 has a 
rich space of non-strictly singular operators. 

After solving this initial problem we went on and tried to show that every bounded linear 
operator T on a given is a sum of a diagonal operator Dt and a strictly singular one. There 
are natural candidates for Dt which would share the eigenvalues of T and have the property 
that T — Dt is strictly singular. The problem is to show that Dt is a bounded operator. This 
forced us to a variation on the notion of ^-function by adding to it certain universality property. 
To see the need for this, suppose we are given a finitely supported vector x such that HL't'xII is 
very large in comparison with The vector x has a natural decomposition x — x-^ -t-* • • -\-Xyi 

such that Dtx = XiXi + • • • + A„x„ where Aj's are eigenvalues of T. The universality of g 
guarantees that Xj's can all be simultaneously moved (keeping the discrepancy between 
and to be almost equal to eigenvectors with eigenvalues Aj's giving us an impossibility. 

This also gives us a new phenomenon, unprecedented in this area, that every finite dimensional 
subspace of some can be moved by an (4 + e)-isomorphism to essentially any region of any 
other Xs- 

Our attempt to extend the control of operators to arbitrary subspaces of Xi^^ has led us to a 
new phenomenon which a priori could have been discovered before since it already has a solid 
basis in an old paper of Maurey- Rosenthal (j^Ol)- What we discovered is that each X^ has an 
associated James-like space Jtq which is minimally and canonically finitely block represented 
in X^ and which is responsible for essentially all of its conditional and unconditional geometry, 
including the complete structure of the corresponding space of bounded non-strictly singular 
operators. In retrospect, what Maurey-Rosenthal [20] have done in their attempt to solve the 
unconditional basic sequence problem is to produce a space X with a Schauder basis {en)n such 
that every subsequence {en^.)k finitely block represents Jcq, a fact which then they used to show 
that no subsequence of {en)n is unconditional. The finite representability of Jtq and the global 
control of block sequences provided by g gives us a complete picture of the space of bounded 
non-strictly singular operators defined not only on X^ (7 < toi) but also on their arbitrary 
subspaces. For example, we show that the space of all bounded non-strictly singular operators 
on a given X^ is naturally isomorphic to the dual of the corresponding James-like space Jtq ■ We 
also discover subspaces X of X^ such that the non-strictly singular part of the operator space 
C{X,Xry) is quite rich but on the other hand every bounded operator T : X ^ X is a strictly 
singular perturbation of a scalar multiple of the identity. Another new phenomenon we found 
are hereditarily indecomposable subspaces of X^^j^ that are asymptotic versions of themselves. 

We now pass to a more detailed presentation of the specific results of this paper. The first 
section concerns extensions of some standard facts about Schauder basic sequences to the trans- 
finite case. For example we show that every subspace y of a space X with a transfinite basis 
contains a further subspace Z isomorphic to a block subspace of X. We should point out that 
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this result is weaker than the corresponding results for Schauder bases. This causes some prob- 
lems when one tries to extend standard constructions into the transfinite case. For example, if 
one considers the transfinite version of the Schlumprecht space, or more generally spaces of the 
form T^f[{l/mj,nj)j], one runs into difficulties when trying to prove arbitrarily distortion. We 
overcome this by adding a property to the basis (xq,)q,<^ which ensures that the block sequences 
approximate in a strong sense the subspaces of the space X^j-^ . This condition permits us to 
show that the spaces X^^^ and are arbitrarily distortable. We also give a characterization of 
reflexivity analogous to the classical one due to James JS| ■ 

The second section is mainly devoted to the definition of the norming set K^^ of the maximal 
space Xi^-^. This set is a subset of the norming set of the transfinite mixed Tsirelson space 
Ti^-^[{l/mj,nj)]. The norm can also be described by the following implicit formula, for x G 
CQoiuJi), 

llxll* = max{||x||oo,sup{sup Ei < ■ ■ ■ < i?ri2,}V 

V sup{ \^ (t>i{x) : {(pi}^^^^^ is a n2j+i-special sequence}}}. 

This definition shares the same components with the corresponding definition of the separable 
hereditarily indecomposable spaces. The crucial difference concerns the definition of n2j+i- 
special sequences. For this we introduce a new coding based on a function which while it 
cannot be one-to-one anymore it does provide a tree-like interference between pairs of special 
sequences sufficient to impose a strong conditional structure on X^^ . 

The aim of the third section is to explain how the new ^j— coding is used in proving some of 
the basic properties of the space X^j-^ ■ Thus, postponing the proofs of some estimations for the 
next section, we show that block subsequences of {ea)a<uii generate hereditarily indecomposable 
subspaces. Section four contains the basic estimations which are analogous to the a;— case. We 
also show that X^j is reflexive. The fifth section contains the study of the bounded linear oper- 
ators. As we have mentioned above many of the results are based on the finite representability 
of the James-like space Jtq in the transfinite block subsequences of X^j^ . There are two ways 
to define Jtq- The first is the Bellenot-Haydon-Odell definition (|Hj) of the Jamesfication of 
the mixed Tsirelson space Tq = T[(l/m2j ,n2j)j] and the second is the Tsirelson-like space 
T[G, {1/1712 j ,n2j)j] with G = {xi '■ I interval of N}. The space Jtq is quasi reflexive and for 
every set of ordinals A the space Jtq (A) is defined similarly to |n| • The study of Jtq (A) and the 
finite representability of Jtq in Xi^-^ are contained in the first two subsections of section five. The 
remaining subsections are devoted to the study of the spaces of operators. The central notion of 
step diagonal operator is defined as follows. Let X be a subspace of X^j^ generated by a transfi- 
nite block sequence (xQ,)a<^. A bounded linear diagonal operator D : X ^ X is a step diagonal 
operator if Aq, = for all a, j3 with a<l3<a + uj<^. For example, if 7 = w then D = Aldx 
and if 7 = ll!*^ then D = A^Idn where Id„ is the identity of Xn = {{xa)ae[u){n—i),LLin) 

). We 

prove the following result. 
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Theorem. There exists a universal constant C > such that for every countable limit ordinal 
7 there is a set of ordinals such that: For every transfinite block sequence {xa)a<-/ in ^uji, 
the algebra T>{{{xa)a<-f)) of the step diagonal operators is C -isomorphic to J-^^j(^k)- 

There are several consequences of this theorem: It follows readily that the structure of T>{X) 
for X generated by a transfinite block sequence (xq,)q,<^ depends only on the ordinal 7. The 
dimension of T>{X) is equal to the cardinality of the set A^, and for every D G T){X) and e > 
there is an operator of the form X^ILi ^iPin with {/j}"^^ intervals of 7, which e-approaches D. 
Furthermore the following holds. 

Theorem. There exists a universal constant C > such that for every subspace X of X^^ 
generated by transfinite block sequence {xa)a<-y of X^j^ and every T £ X^^^^) we have: 

(i) T = Dt + St where Dt € ^{X), \\Dt\\ < CUT"!! and S : X ^ X^^^ is strictly singular. 

(ii) Every D G 2?(X) is extendable to a D e ViX^^) with \\D\\ < C\\D\\. 

(iii) C{X,X^,) ^ J^^{A,)®S{X,X^,). 

We also introduce the notion of asymptotically equivalent subspaces of X^^^ which permits 
us to extend part (iii) of the above theorem to arbitrary subspaces of X^j^ ■ Namely for every 
subspace X of X^j-^ there exists a set of ordinals Ax such that X^^^) = J^^{Ax)(BS{X,Xa;-i^). 
We are not able however to provide a sufficient description of C{X) for an arbitrary subspace 
X of X^jj. What we have noticed is that in general C{X , X^i^^) / S {X , X^jj^) ^ C{X)/S{X). For 
strictly singular operators on X^j^ we give the following characterization. 

Theorem. An operator S : X^-^ — > X^^^ is strictly singular iff the sequence (||5'(ea) |[)a<a;i € 
co(wi)- 

Corollary. Every T € C{Xi_j-^) has the form T = Ald^^^^ + D + S where D G T>{Xy) for some 
7 < wi, and S is strictly singular. In particular T = Ald^^^^ + Q where Q has separable range. 

We mention that nonseparable spaces X such that all T G are of the form Aldx + Q with 

the range of Q separable have been constructed before in [JH], |24j and |2H]. However, those 
constructions are quite different from ours as they, in particular, offer no information about 
operators on separable subspaces of the resulting space X. 

Furthermore, we show that for /, J disjoint intervals of uJi the spaces X/ and Xj are totally 
incomparable and the space Xi^-^ is arbitrarily distortable. Moreover, modulo strictly singular 
perturbations, the space X^^^ admits a unique resolution of the identity. Out of the rich sources 
of examples of subspaces of X^^-^ with interesting spaces of operators we mention the following 

Theorem. There exists a separable reflexive Banach space X admitting an infinite dimensional 
Schauder decomposition X = ®„ X„ such that, denoting by T>{X) the class of bounded operators 
D : X ^ X with the property D\x„ = A„Idx„ for all n, the following hold: 

(i) c{x) ^ v{x) e 5(x) ^ j^^ e 5(x). 

(ii) For every subspace X of X there exists ^ C N which is either an initial finite interval or 
is equal to N such that C{X,X) = J:^^{A) ® S {X , X) . 

(iii) There is a subspace XofX such that C{X) ^ {Ix)®S{X) while C{X,X) ^ e5(X,X). 
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For example, the space X = j£^2 has ah these properties. It is worth pointing out that D{X) 
is a natural class of operators which behaves similarly to the class of operators of the form 
XI + K with K compact diagonal. For example if Xn € X„ with = 1 and X = 

then for every D G V^X) we have that D\x = XI + K. The isomorphism between T>(3C) and J^^ 
endows J^^ with an equivalent norm under which J^^ with the pointwise multiplication becomes 
a commutative Banach algebra. This should be compared with results from 

Sections six and seven concern two new properties that can be simultaneously imposed on a 
£)-function and the resulting properties of X^^^. First, we present a construction of a universal 
£»-function where universality roughly speaking means that for every infinite interval / of coi 
the finite closed subsets of / realize all isomorphism types of finite submodels of all possible 
£»- functions. As we have mentioned before, our initial motivation for introducing the universal 
^-function was to understand the structure of C^X^j-^). However it turns out that using the 
£»— coding with a universal g we obtain some new properties on X^j-^ which have their own interest, 
even for the space X^i = (e„ : n < uj). Indeed X^j^ admits a nearly subsymmetric transfinite basis 
and moreover X^^ which is an hereditarily indecomposable space, is an asymptotic version of 
itself [19,. The results concerning subsymmetric transfinite sequences and asymptotic versions 
are presented in section seven. Section six also contains the construction of smooth ^/-functions 
and the following result. If the coding ag is based on a smooth ^)-function then every countable 
ordinal 7 < wi can be re-ordered as (ttn)n<(i) such that (6Q:„)n<t<j defines a Schauder basis of the 
space Xry. Section eight contains a unified approach of the proof of two important results, the 
basic inequality and the nontrivial direction of the finite representability of Jtq- Their proofs 
share some common features, and so we attempt to develop a general theory that includes both 
results and that could be useful elsewhere. The last section is devoted to the unconditional 
counterpart of the space denoted by X^^. The relation of X^^, which is a space with 
an unconditional basis (ea)a<tji, with the space X^^i is same as that of Gowers-Maurey space 
with Gowers unconditional space We study the structure of >C(X^J and the structure the 
subspaces of X"^ . 

We extend our thanks to A. Tolias for his help during the preparation of this paper. The 
results of this paper have been announced in [S]. 



The first section concerns the presentation of some preliminary results related to transfinite 
(Schauder) bases. We recall one of the equivalent formulations of their definition. For a detailed 
presentation we refer the reader to j25j . 

Definition 1.1. Let X be a Banach space, and 7 be an ordinal number. 

1. A total family {xa)a<-y of elements of X (i.e., a family such that X = {xa)a<'y) is said to be a 
transfinite basis if there exists a constant C > 1 such that for every interval I of 7 the naturally 
defined map on the linear span of {xa)a<'y 



1. Transfinite basic sequences 




a<7 



extends to a bounded projection Pj : X ^ Xj = {xa)aei of norm at most C. 
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2. A transfinite basis (xq,)q,<^ of X is said to be bimonotone if for each interval I of 7, the 
corresponding projection Pj has norm 1. 

3. A transfinite basis {xa)a<j of X is said to be unconditional if there exists a constant C > 1 
such that for all subsets A of 7, the corresponding Pa has norm at most C. 

4. A transfinite basis (a;Q,)Q-<-y of X is said to be 1- sub symmetric if for every n G N, every 
ai < a2 < • • • < a„ < 7 and every (Ai)^^i G M", || ^^^^ \iXi\\ = \\ J2i=i ^i^aiW- 

Remark 1.2. 1. As in the case of the usual Schauder basis (i.e., 7 = 0;) the above definition 
is equivalent to the fact that each x £ X admits a unique representation as YlaKj ^o^^otj where 
the convergence of these series is recursively defined. 

2. The definition of ^aXa easily yields that for each convergent series X]a<7 ^aXa with 
(a^a)a<7 a bounded family, the sequence of coefficients (\a)a<'r belongs to 00(7). Furthermore, 
for every £ > there exists a finite subset F of 7 such that || J2a^F ^aXa\\ < 

3. For every transfinite basis {xa)a<j the dual basis {x%)a<j is also well defined. Just like 
the usual Schauder bases, (a^a)«<7 is a w*-total subset of X* and each x* in X* has a unique 
representation of the form ^^.^^ a;*(a:„)a:* where the scries is it;*-convergent. 

4. If {xa)a<-y is a transfinite basis for the space {X, \\ ■ ||), then there exists an equivalent norm 
III • III on X such that {xa)a<'y is a bimonotone basis for the space {X, \ \\ ■ |||). This norm is 
defined by |||a;||| = sup{||P7(a;)|| : I interval of 7}. 

In the sequel, for every ordinal 7 we shall denote by 000(7) the vector space of all sequences 
{Xa)aG-y of real numbers such that the set {a < 7 : Aq 7^ 0} is finite. We also denote by 
(ea)a<7 the natural Hamel basis of 000(7)- It is an easy observation that every space X with a 
transfinite basis (xQ,)Q,<-y is isometric to the completion of 000(7) endowed with an appropriate 
norm. Moreover if if is a subset of 000(7) with the properties (a) {e*}a<7 C K and (b) for 
every (j) e K, \\(t>\\oo < 1 and for every interval / of 7, the restriction (f)j = cf) ■ xi of (f) to I is also 
a member of K, then the norm defined on 000(7) by 

\\x\\k = sup{|^(a;)| = : ^ G K} 

has (e transfinite bimonotone basis for the completion of (000(7), II ' ll-ft")- 

Fix X with a transfinite basis {xa)a<'y The support suppx of a; G X is the set {a < 7 : 
X* (x) / 0}. For a given interval / C 7, let Xj = PjX, and for a < 7, let Xq, = X^Q ,^y For 
x,y E X finitely supported, we write a; < y to denote that maxsuppx < minsuppy. 

A sequence {ya)a<^ is called a transfinite block subsequence of {xa)a<j if and only if for all 
0( < Ua is finitely supported and for all a < /3 < ^, < yg. Notice that a transfinite block 
subsequence of a transfinite basis is always a transfinite basis of its closed linear span. 

Fix two Banach spaces X and Y. A bounded operator T : X — > y is an isomorphism iff TX 
is closed and T is 1-1. T is called strictly singular if it is not an isomorphism when restricted to 
any infinite dimensional closed subspace of X (i.e., for all infinite dimensional closed subspace 
X' of X, cither TX' is not closed or T\X' is not 1 — 1). This is equivalent to say that for all 
infinite dimensional closed subspace 1" of X and £ > 0, there is an infinite dimensional closed 
subspace Y' of Y such that 11^1^' || < s. 
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It is well known that most of the structure of the infinite dimensional closed subspaces of 
a separable Banach space X with a basis (x„)„ is described by its block sequences. Namely 
that for every infinite dimensional closed subspace Y oi X and every e > there exists a 
normalized sequence in Y and a block sequence {wn)n of {xn)n which are 1 + e-equivalent. 
The method used for the proof of this result is called the gliding hump argument ( JZI)- This 
result is not extendable in the case of the transfinite block sequences. For example, consider 
a biorthogonal basis {xa)a<LL)-2 of a Hilbert space and let Y be the subspace generated by the 
sequence {xn + Xui+n)n- 

We now describe how block sequences are connected to subspaces in the transfinite case. 

Proposition 1.3. Let {xa)a<-y be a transfinite basis of X andY an infinite dimensional closed 
subspace X. Then there exists a A < 7 and a closed subspace ZofY such that 

1. P\ : Z ^ Xx is an isomorphism. 

2. For every e > there exists a semi-normalized block sequence {wn)n in X\ and a normalized 
sequence {zn)n in Z such that \\P\Zn — Wn\\ < £• 

3. There exists a subspace Z' of Z isomorphic to a block subspace of X . 

4. If we additionally assume that Y has a Schauder basis {yn)n, then the sequence {zn)n in 2- 
can be chosen to be a block sequence of {yn)n- 

Proof. We assume that (xq,)q,<^ is a bimonotone basis. Let 

(3o = min{/3 : Pp -.Y Xp is not strictly singular}. (1) 

Let us show that \ = (3q is the required ordinal. Notice that /?o has to be necessarily a limit 
ordinal. Since P/jp is not strictly singular on Y , there exists a subspace Z oi Y such that 
P/3q : Z — > Xp^ is an isomorphism. On the other hand for every 7 < /3o, -P7 : 1^ — > X^ is 
strictly singular hence for every e > and every subspace Z' of Z there exists W ^ Z'^ such 
that ||P-y|ty|| < e. Now we are ready to apply a modified gliding hump argument to obtain 
{zn)n, {'Wn)n as they are required in 2. Indeed for a given e we choose (en)n such that e„ > 0, 
Eji < e/4. We choose a normalized zi ^ Z . Since /3o is a limit ordinal, there must exist 71 < /3o 
such that II < ei. Hence setting wi = P-y^zi we have that \\wi — Pp^zi\\ < ei. Since 

: Z X^-^ is strictly singular there exists a normalized Z2 & Z with ||P-j,^2;2|| < £2- Choose 
72 > 71 such that ||-P[72,/3o)'^2|| < ^2 and set W2 = ^[7^^72)22. Observe that ||P/3o^;2 — ^^2|! < 2^2 
and wi < W2- Continuing in this manner we obtain (zn)n and {wn)n such that for all n, 
WPpoZn - Wn\\ < 2e„, hence 

Y^\\Pf3^Zn-Wn\\<e/2. (2) 

n 

Since we assume that the transfinite basis {xa)a<-y is bimonotone, © implies that {Pp^Zn)n and 
{wn)n are equivalent. Property 3. follows from 2., while 4. results from a careful choice of {zn)n 
in 2. □ 

As we have mentioned in the introduction the manner that block subspaces saturate the 
subspaces of X is weaker than the corresponding result for spaces X with a basis In the 



We will write X '-^ Y to denote that X is an infinite dimensional closed subspace of the Banach space Y . 
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next proposition we provide a sufficient condition which ensures the complete extension of the 
result from Schauder bases to transfinite Schauder bases fulfilling the additional condition. 

Proposition 1.4. Let {xa)a<'y be a transfinite basis of X. Assume that for all disjoint intervals 
I, J of J the spaces Xj and Xj are totally incomparable. Then for every closed infinite dimen- 
sional subspace Y of X and every e > there exist normalized sequences {yn)n, {zn)n such that 
{yn)n ^ Y, {zn)n is a block scqucncc of {za)a<-/ and Yjn WVn - Zn\\ < £■ 

Proof. From Proposition II. ISI there exists a subspace Z oiY and A < 7 such that Px : Z ^ X\ 
is an isomorphism. Assume that A < 7 and set / = [1, A) and J = [A, 7). Then Pj : Z ^ Xj is 
a strictly singular operator. Hence we may find {wn), (zn) as in Proposition 11.31 (2) such that 
||-Pj(2;n)|| < e which yields that ^„ ||z„ - Wn\\ < 2e. □ 

Definition 1.5. A transfinite basis {xa)a<'y is called shrinking iff for all (an)n T) ixa„)n is 
shrinking in the usual sense (i.e., {x^^) generates in norm the dual of the closed span of {xa^)n). 

It is called boundedly complete iff for all j, {xan)n is boundedly complete in the 

usual sense (i.e., for all sequence of scalars (A„)„, if there is some C > such that for all 
™) II Z]r=i '^i^oiiW < C, then \iXai converges in norm). 

The above definitions are simpler and easier checked than the corresponding ones cited in 
|25j . The following result is the extension of the well-known James' characterization ( JZI) of 
reflexivity in the general setting of a Banach space with a transfinite basis. 

Proposition 1.6. Let {xa)a^^ be a transfinite basis of X. Then X is reflexive iff {xa)a<-y "is 
shrinking and boundedly complete. 

Proof. The direct implication is consequence of the James' characterization (JH])- The oppo- 
site requires the following two Claims: 

Claim. If {xa)a<'y is shrinking, then the biorthogonal basis (a;* )a<7 generates in the norm 
topology the dual space X* . 

Proof of Claim: Assume the contrary. Then there exists x* E X* not in the closed linear span Y 
of «)a<7- Set f3o = mm{(3 < 7 : P*x* ^ Y}. Then P*^x* i Y but for ah 7 < /3o, P*x* G Y. 
Therefore there exists an increasing sequence of successive disjoint intervals Ii < /2 < • • • < 
/„<■■■< /3o and e > such that for each n G N, Pf x* ^Y and IIP? a;* 11 > e. Observe that 
if X* G X*, X* = w* — X^Q,<^ /^o^;* , where for each a < 7, ^q, = x*[xa). Moreover if I is an 
interval of 7 such that Pj* x* G Y and e' > 0, then there is a finite subset F^i of I such that 
||y*/ — a;* II < e where 

Using this observation we inductively select finite sets Pi ^ /i , • • . , Pn ^ -^n such that setting 

n 
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we have that 

-yl\\<en<^-. (4) 

Set y* = w* — hm„y* and Q and Q yield that suppy* C (J„ F„ and also Ili^jT'^y*!! > e/2. 
Since each F„ is a finite set we can enumerate F„ as (a„)„ ] and clearly y* yields that the 
sequence is not a shrinking Schauder basis, yielding a contradiction. □ 

Claim. //(xQ,)a<7 is boundedly complete, then for every x** G X** , the series X]a<7 
converges in norm. 

Proof of Claim: Suppose the contrary and fix x** € X** but not in X. The proof is similar to 
the previous one. For each a < 7, let Xa = x**x* and let 

Po = min{/? < 7 : P^*x** ^ X}. 

Using a similar argument we can choose an increasing sequence {Fn)n of finite subsets of 7 such 
that w* — X^aey f„ ^aX^ exists and for every n, || X]aG-F„ -^a^all > e > 0. This yields that the 
sequence {xa)ci<=\j f„ is not boundedly complete, a contradiction. □ 

□ 

2. Definition of the space 

This section is devoted to the definition of the norm of the space X^-^. This norm will be 
induced by a set of functionals, denoted by K^^, on the space coo(wi). Then X^j^ will be the 
completion of it. We start with a short presentation of the unconditional frame, which is a mixed 
Tsirelson space with 1-subsymmetric transfinite basis of a given length 7. The aforementioned 
set K^^^ will be selected as a subset of By* where Y is the corresponding mixed Tsirelson space. 

2.1. The space T^\{\ / ruj ,nj) j\. Throughout the paper we fix two infinite sequences [mj)j, 
{nj)j defined recursively as follows: 

1. mi = 2, and mj^i = ruj 

2. ni = 4, and = (4nj)*J where Sj = log2 m-^^i- 

Let 7 be an infinite ordinal. Consider the norm || • ||* on 000(7) described by the implicit formula 

\\x\\^ = max{||x||oo,supsup — > 

where for C 7, x G 000(7) ^x denotes the restriction of x to the set E (i.e., Ex = Pex = 
{xe,x)) and the inside supremum is taken over all sequences Ei < ■ ■ ■ < En^ of subsets of 7. 

The existence of a norm satisfying the above formula is provided, as the case of Tsirelson 
space, by an inductive argument (e.g. ^ZI)- It is also easy to see that the usual basis (eo)o<7 
of 000(7) defines a 1-subsymmetric and 1-unconditional basis for the space 

T^[{m~'^,nj)j] = (000(7), I! • II*)- 

The first variation of the original Tsirelson construction is due to Th. Schlumprecht j22| who 
introduced the space S = T^;[(l / log2(j ' + 1), j')] providing the first known example of an arbitrar- 
ily distortable Banach space. The space S is one of the key ingredients in the Gowers-Maurey 
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construction of a Banach space with no unconditional basic sequence. The general defini- 
tion of a mixed Tsirelson space T^[{m~^ ,nj)j] for 7 = w was introduced in using the slightly 
different notation T[{Anj, l/mj)j] which stresses the use of the family Anj of all subsets of the 
index-set (in their case uj) of cardinality at most rij and indicates the possibility to use some 
other compact family instead of An^ (see e.g. jl] and 0). Since in this paper we are not going 
to vary the definition in this direction we suppress the A as this will give us some notational 
advantages at some latter points of the paper. 

Remark 2.1. 1. It follows readily from the definition of the norm that for A <^ ^ with order type 
of A equal to the ordinal A the space Xa = {e.a)a&A is isometric to T\[{m'^^ ^nj)j\. Therefore 
granting that r^;[(mj^, nj)j\ is reflexive (e.g. [HI) Pr op osition 1 1 . 61 vields that for each 7 the 
space T.y[(m~^, nj)j] is also reflexive. 

2. A possible variation of the norm of T^[{mj'^ ^nj)j\ is to allow sequences (E'l, . . . ,-Enj) con- 
sisting of disjoint sets (i.e., not necessarily successive). Such spaces are called modified mixed 
Tsirelson spaces and they are denoted by T-^[{m~^ ,nj)j]. Schlumprecht has shown that 
contains while such spaces have been studied in 0, jJE]) The situation for the spaces 
T;^[{m~^ ,nj)j\ remains unclear. Namely, we do not know if there exists a sequence {qj^,lj)j 
such that the space T^[{q~^ , is reflexive and not containing any £p, 1 < p < oo. 

There exists an alternative definition of the norm of T^[{m~^ ,nj)j] which is close to the 
definition of the norm of . This goes as follows. 

Let C 000(7) be the minimal subset L of 000(7) satisfying the following four properties: 

1. For every (/> E L and every E Q j, E(p E L. 

2. For every Q < 7, ±e* E L. 

3. For every j E N and every (pi < ■ ■ ■ < (f>nj in L, {l/rrij) Yl^li 'Pi ^^^o belongs to L. 

4. L is closed under rational convex combinations. 

The third property is also described by saying that L is closed in all (mj^, nj)-operations. It 
is not difficult to see that the norm induced on 000(7) by the set (i.e., for x E 000(7), 
|jx|| = sup^g^^{(^2; = (0,2;)}) is exactly the norm || • ||*. 

Remark 2.2. Let L'^ be the minimal subset of 000(7) satisfying 1., 2. and 3. It is not difficult 
to prove that = coiwq{L'^). This means that L'^ norms the space Ty[(m~^, nj)j]. 

Remark 2.3. 1. It follows from the minimality of that each E is either equal to ±0^ 
for some a < 7 or is of the form (j) = (l/mj) "^^^i 4>i, d < nj and 01 < • • • < 0^ all in Ly. 
Furthermore the set 

1 

Lyj = {(l)£Ly : (p=—^(l)i} 

^ i=l 

defines an equivalent norm, denoted by || • on the space T^KinJ^ ,nj)j]. The important 
property of the mixed Tsirelson spaces results from a fine balance of the sequences of norms 
(II ■ ll*j)j- Namely for every block sequence {xn)n and for every j there exists a normalized vector 
Uj in the linear span of (a;„)„ such that ||yj||*j > 1/4 and for every j' ^ j ||yj||*.j' < G/rriji if 
/ < j and ||yj||*j' < 4:/mj otherwise. 
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2.2. The norming set i^t^i- The maximal space in our class jC^^^ will be defined as the com- 
pletion of (coo, II ■ lloo) under the norm || • ||oo induced by a set of functionals K^^^ C coo(wi). 
The set K^^-^ is the minimal subset of coo(wi) satisfying that: 

(1) It contains {e*)^^^-^^, is symmetric (i.e., cp & K implies —cj) € K) and is closed under the 
restriction on intervals of loi . 

(2) For every {0, : i = l,...,n2j} ^ K^-^ with supp(/)i < ••• < supp(/)„2^., the functional 
(p = (l/m2j) Yli=i 4>i S i^i^i- We say that is a result of a (m2j-^, n2j)-operation. 

(3) For every special sequence . . . , 0n2j+i) (for a definition, see subsection 12. 4|) . the func- 
tional (/> = (l/m2j-|-i) Yl!i=i'^ 't>i is in -f^o^i- We call cj) a special functional and say that (/> 
is a result of a (mgj+i, ra2j+i)-operation. 

(4) It is rationally convex. 

The norm on coo(wi) is defined as ||x|| = sup{(/)(x) = X^o '^(o^) • a;(a) : 4> £ -^a;i} and X^^^^ is 
the completion of (coo('i^i), || • ||)- Each of the above four properties provides certain features in 
the space . The first makes the family (fia)a<u)i a transfinite bimonotone basis of Xj^^j. The 
second saturates with local unconditional structure. This property will be responsible for 
the existence of semi-normalized averages in every block sequence of X^j^. The third property 
saturates X^^j with conditional structure and will make it impossible for X^^^ to contain any 
unconditional basic sequence. Finally, the fourth property is a tool for proving properties of the 
space of operators from an arbitrary subspace X of X^^^ into X^^ . The above definition, with the 
exception of the missing definition of special sequences, is based on the corresponding definitions 
from |H] and |7j which in turn are variants of the construction from U2]- By the minimality of 
K^-^ each (j) € K^-^ has one of the following forms: 

(i) 4> is of type \i 4> = ±e* . 

(ii) cj) is of type I \i cj) = ±Ef for / a result of one (mj^, nj)-operation and E an interval. In 
this case we say that the weight w{4>) of (j) is nij. 

(iii) (p is of type II if (/> is a rational convex combination of type and type I functionals. 

An alternative description of the norm is the following: For a given x £ X^^^ , 

||x|L = max{||x||oo, supsup > ||£'jxL, Ei < ■ ■ ■ < En^A'^ 

sup{ y <t>i{x) : {(pi}"^!^^^ is a n2j+i-special sequence}. 

Remark 2.4. From the definition of the norming set it follows easily that {ea)a<iui is a 
bimonotone basis of X^j^. Also, it is not difficult to see using (2) from the definition of that 
the basis {ea)a<uii is boundedly complete. Indeed, for x € coo(wi) and Ei < ■ ■ ■ < E^^. intervals 
of wi (2) of the norming set yields that ||x|| > (l/m2j) 'Y^=i 11-^*^11- Also, from the choice of the 
sequence {mj)j, {nj)j, it follows that n2j/m2j increases to infinity. From these observations it 
follows that the basis {ea)a<uji is boundedly complete. To prove that the space X^j-^ is reflexive 
we need to show that the basis is shrinking. 
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Definition 2.5. For cj) G K^^^ we say that ruj E N is a weight of (/>, or w{(j)) = nij, if <j) can be 
obtained as a result of the (mj^, nj)-operation. Notice that (p G K^^^ may have many weights. 

The definition of the special sequences will, as in the case ^12,, depend crucially on certain 
coding ag. The essential difference is that now is not an injection, a crucial property on 
which the proofs in J2| rely. Our proofs on the other hand will rely on a "tree-like property" 
of our coding which we now describe. First we notice that each 2j + 1-special sequence ^> = 
((/>!, (f)2, ■ ■ ■ , 4'n2j+i) is of the form supp(/)i < • • • < supp(j)n2j+i with each of type I. The tree- 
like property is the following: For any pair of 2j + 1-special sequences <I> = (^2, • • • , 'An2j+i)i 
^ = (V'l, "021 • • • >'0n2j+i) there exist 1 < k^^ij- < A^^ij- < n2j+i such that 

(i) li 1 < k < then (p^ = ipk and if K^^q, < k < X^^qi, then w{(t)k) = w{^k)- 

(ii) (Uk<j, >p<fe<A4.,g,supp0fe) n (U«,<j,^<fc<Aj._g,suppV'fc) = 0. 

(iii) {w{(l)k) ■■ A$,^ < A; < n2j+i} n {ty(V'fc) : A$,^ < k < n2j+i} = 0. 

Comparing the above tree-like property with the corresponding property from we notice 
that the new ingredient is the number k<j>^^. Its occurrence is a byproduct of the fact that the 
coding ag is not one-to-one. The property (ii) will however give sufficient control of our special 
functionals. The coding ag is based on the following mapping introduced in [2^] (see also j27j). 

2.3. f?-functions. A function g : [toi]"^ —^ uj such that: 

1. i?(a,7) < max{f3(a, £»(/?, 7)} for all a < /3 < 7 < mi. 

2. Q{a,(3) < max{^)(a, 7), £)(/3, 7)} for all a < /3 < 7 < lji. 

3. {a < (3 : Q{a, (3) < n} is finite for all P < toi and n G N. 

is called a fj-function. The reader is referred to 26 and |22| for full discussion of this notion 
and constructions of various ^-functions. In Section El we shall give yet another construction of 
a ^>-function with certain universality property. 

Let Q : [wi]^ —>■ Lu he a ^-function fixed from now on, and all definitions and facts that follow 
should be relative to this choice of g. 

Definition 2.6. Given a finite set F C uji, let pp = Pg{F) = max^^^gj? Q{a,(3). For a finite set 
F Cuji and p € N, let 

^ = {a < maxF : there is P & F s.t. a < P and g{a, /3) < p}. 

Notice that by condition 3., is a finite set of countable ordinals. We say that F is p-closed 
iff = F, and that F is ^)-closed iff it is piT'-closed. 

Remark 2.7. 1. Note that is a monotone and idempotent operator and so, in particular, 

'J} 75 

every F is a p-closed set: It is clear that if F C G, then F C G . Let us show now that 
F = F . Let a G F . This implies that Q{a,ao) < p, for some ao G F , a < uq. Choose 
"1 > OO) ai G F such that ^(ao) "i) < P- Then, Q{a, ai) < max{g{a, uq), g{ao,ai)} < p. 
2. Suppose that F Q toi is finite and suppose that p > pp. Then ppp < p. Indeed, let a < /? 
such that both belong to F^. Let a' > a, /?' > /3 such that a, P' (z F and g{a, a'), g{P, P') < p. 
Then we distinguish the following cases: 

(a) If a < a' < /3 < then g{a, P) < max{g{a, a'), g{a' , P)} < max{g{a, a'), g{a' , g{P, P')} 
< p. 
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(b) If a < /3 < a' < then g^a, (3) < max{f)(a, a'), q{(3, a')} < max{^)(a, a'), g{(3, 13'), g{a' , (3')} 
< p. 

(c) If a </?</?'< a', use a similar proof to case (a). 

Proposition 2.8. Let F,G Q uji be two finite sets and p > pf^Pg- Then: 

P "P p p 

1 . For every ordinal a < uji, F f] a = F Da and F a is an initial part of F . Therefore, 
if F is p-closed, so is F (1 a. 

P iP 

2. For every a £ F Ci G, we have that F Ci {a + I) = G H {a + I) . Hence, if F and G are 
in addition p-closed, then F f] {a + 1) = G D {a + 1). 

3. FnG^ = F^ n(f. Therefore, if F and G are p-closed then F nG is also p-closed and it 
is an initial part of both F and G. 

Proof. 1: Since F n a C F, a, it follows that FTTc7 C n a. Now let /? G n a. Then 
there is some 7 € F, 7 > 5e such that g{(3, 7) < p. If 7 < a, then we are done. If not, let 
6 = max F n a € F and since /3 < 5 < 7 we have that 

g{(3,6) < max{£)(/?,7),£i((5,7)} < max{p,pF} = p, (5) 

the last equality using our assumption that p > pp. Q shows that (3 £ F D a^. Suppose now 
that F is p-closed. Then we have just shown that F = 'F^ fl a = F fi a, and we are done. 

2: FixaGFnG. Let /? G F n (a + if = F^n(a + 1). Let 7 G Fn(a + 1), 7 > ;3 be such that 
oiPil) < P- Then g{(3,a) < max{^(/?, 7), £)(7, a)} < max{p,pir} = p. Since G is p-closed, and 

p p p 

a G G, we can conclude that (3 £ G (1 {a -\- 1) . This shows that F n (a + 1) C G n (a + 1) . 
The other inclusion follows by symmetry. The last part of 2. follows easily. 

3: Leta = maxFnG. Then by 2., F OG^ = F nG f] {a + if = F n {a + if = 7^ n{a + l) 
and TnTf = n (q + 1). Combining the above equalities we get FTTG^ = F^ n n (a + l) = 
F^ n (f, the last equality because F^ n(f C FnG Q max(F nG)-hl = a + l. □ 

2.4. The (Tg-coding and the special sequences. We denote by Qs(ci-'i) the set of finite 
sequences {(j)i,wi,pi,(j)2,W2,P2,---,4'd,'W(i,Pd) such that 

1. for all i < d, £ coo{uJi) and (pi < (t>2 < ■ ■ ■ < (pd, 

2. {wi)f^i, (pi)f=i ^ 3-^6 strictly increasing, and 

3. Pi > P(uJ^^^supp,^fc) for every i < d. 

Let Qs be the set of finite sequences {(j)i,'Wi,pi,(l)2,'W2,P2, ■ ■ ■ ,4'd,'Wd,Pd) satisfying 1., and 2. 
above and in addition for every i < d, (pi £ coo(N). Notice that Qs is a countable set. Fix a 
one-to-one function a : Qs ^ {2j : j odd} such that 

a{(l)i,wi,pi,(t>2,W2,P2,-- ■ ,4>d,Wd,Pd) > max{p^, \,maxsupp (pd}, 

where e = min{ | (/>fc (ea ) | : a G supp (pki k = 1, . . . ,d}. Given a finite subset F of wi , we denote by 
TTp : {1,2, . . . , #F} —f F the natural order preserving map. Given $ = {(l)i,wi,pi, (j)2i'W2,P2, ■ ■ ■ , 

J Pd 

<t>d,Wd,Pd) G Qsli^i) we set G$ = Uf^]^supp(/>i and then we consider the family 

T^G^i^) = {'^G{(t)l)iWl,pi,'KG{(t>2),W2,P2, ■ ■ . ,7TG{(l)d),Wd,Pd) G Qs, 
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where 



otherwise. 



Finally, : Qs(u;i) {2j : j odd} is defined as crg($) = a{TTGi^)). 

A sequence $ = (c^i, . . . , (j)n2j+i) of functional of K^j-^ is said to be a 2j + 1-special sequence 

if: 

(1) supp(/)i < supp(/)2 < • • • < supp 0„2^._^^ , each (pj^ is of type I, w{(l)k) = "i-2jfc and w{4)i) = m2j^ 
with ji even and satisfying m2j^ > n^jj^i- 

(2) There exists a strictly increasing sequence (pf , . . . ,P*2j+i-i) natural numbers such that for 
ahl < i < n2j+i-l we have that ■u;(0j+i ) = m<^p(,j,.) where $j = {4)i,w{(t)i),Pi ,4>2,w{4>2),P2 , ■ ■ ■ , 
4>i,w{4>i),pf)- 

As we have mentioned before, the weight of a type I element of K^^^ is not uniquely determined. 
However in the case of the elements (pi of a 2j + 1-special sequence <1>, 'w{(pi) will denote the 
unique weight involved in the definition of the special sequence 

Lemma 2.9 (Tree-like interference of a pair of special sequences) . Let ^ = ((pi, . . . , (j)n2j+i) o,i^d 
^ = (tpi, . . . ,ipn2j+i) be two 2j + 1-special sequences. Then there are two numbers < < 
A$^^ < n2j-\-i such that the following conditions hold: 
TP.l For all i < X^^^, w{(pi) = w{tl)i) and pf = pf ■ 
TP.2 For all i < k^^iji, (pi = ipi- 
TP.3 For all k^^^ < i < X^^x^, 

supp(pi n suppV'i U • • • U suppV'A4,,*-i^^*'*"' = 

and supp Ipi n supp(/)i U • • • U suppc/i^.^ ^-i^^*'*"^ = 0. 

TP.4 {w{(pi) : A(j)_4r < i < ^2^+1} H {w{ipi) : i < n2j+i} = and {w{^pi) : X^^^ < i < "^2^+1} n 
{w{(pi) : i < n2j+i} = 0. 

We refer to the reader to Figure ^ for a description of the conclusion of this Lemma. 

Proof. First we observe that for i ^ I, w{(pi) 7^ w{(pi). Indeed if z = 1 and / > 1 then 
w{(pi) = ?7i2ji with ji even while w^ipi) = m2j[ with j[ odd. If i and I are greater than 1 then 
w{(pi) = m2j. 7^ m2j^' = w{ipi) as consequence of the fact that they code sequences of different 
lengths i — 1 and I — 1 respectively. 

Let A$^.j/ be the maximum of all i < n2j+i such that w{(pi) = w{tpi) if defined. If not, we set 
= 0. Suppose now that A^^ii. > 0. Define K^^q, by 

K^^^r = min{i < A<j)_4i : (pi 7^ ipi}, 

if defined and k^^ij, = if not. In this last case it is trivial to check our requirements. So assume 
that K^^^ > 0. (TP.2) and (TP.4) follows easily from the properties of the coding a^. We show 
(TP.3). Let 

G = supp (pi and G' = \^ supp V'i 

1=1 i=l 
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And let TTc : G — > {1, . . . , #G} and vr^ : G' {1, . . . , #G} be the unique order-preserving 
bijections. 

Claim, (a) #G = #G' . 

(b) ttgKG n GO = VTG' |(G n G') and (G n G')^^^ „ = (G n G')Vk*,* • 

(c) max(GnG') < min{maxsupp(/)K<j, maxsuppV^K^^^pl- 
Proo/ of Claim: (a): Notice that 

#G = maxsupp7rG(0A4.,a,-i) and #G' = maxsupp7rG'(V'A<i,,vp-i)- (6) 

Since (Tg{{(pi,w{(j)i),pi)^^f'^) =crg{{il;i,w{i;i),pi)^^f~^),them:G{(l)x^^^-i) = TrG'{'>P\^,9-i) and 
hence ^G = #G', as desired, (b): It follows from the properties of g that itg\{G fl G') = 
TTG'KGnG') (see Remark 1221 and Proposition I2.8|l . Fix now q G GnG'. Since TTcia) = TTcia) 
we have that 

as desired, (c): Suppose not. W.l.o.g. assume that max GnG' > max supp (/i^^ ^ . (b) yields 
that 

= (G n G>«^,^ = (G n GOV'.*,^ , (8) 

and since #supp0K<j. g, = #supp V'/tj.^g, we obtain that (j)^^^^ = ^/^k^,,,,, a contradiction. □ 

To complete the proof choose k^^^ < i < A$^ii-. Then the previous Claim yields that supp(/>j C 
G \ (G n G') and hence supp cpiCiG' = □ 



$ = ((/>i,...,<?!.„,^^,) 
1' = (V^i,...,^„,^^J 



1 differtiit weights | 

I I 

• 

equal corresponding weights 
[X and disjoint supports 



Figure 1. The tree-like interference between a pair of special sequences. 
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2.5. Tree-analysis of functionals. Computing the norm of a vector x from X^j^ is typicaUy 
not an easy task. Prom the definition of the norming set K^^-^ one observes that each (j) £ -f^^i 
is constructed from the basic functionals e* after finitely many steps where at each step one 
applies some (m~^, nj)-operation, or one takes some convex combination. The tree-analysis 
defined below describes this procedure and it will be a very useful tool in estimations of the 
norm of certain vectors of X/^^ . 

Definition 2.10. Let cf) he a functional of the norming set Ki^-^. A tree-analysis of (?!) is a 
mapping : T ^ K^-^ , t J^{t) = (f)t such that the following conditions are satisfied: 

1. T = (T, ^) is a finite tree with a unique root G T, and (?!)0 = (f). 

2. If t G T is a maximal node of T, then (f)t = ±e* , for some a < ui. We say in this case 
that = ±e* has type 0. 

3. If t G T is not a maximal node, and denoting by St the set of immediate successors of t, 
St satisfies exactly one of the following two: 

(3. a) There is a unique ordering of St = {si <t ■ ■ ■ <t s^} defined by < • ■ ■ < ^s^, 
there exists an integer j eN such that d < rij and (f)t = {l/rrij) Yl'i=i ^si- 

(3.b) For every s G St, (t>s is either of type or I, and there is a sub-convex family {ru}ueSt 
of positive rational numbers such that (pt = X^seSt ''s^s- 

4. For every s ^t, raiKpt Q ran (6,,. 

For a given (j) G K^^-^, whenever we write w{(/)) we implicitly assume that (p is of type I. In many 
cases we will use the explicit notation {(pt)teT to denote a tree- analysis. 

Remark 2.11. 1. The minimality of K^^-^ easily yields that for any functional / G K^^-^ there is a 
tree {ft)teT satisfying conditions 1-3. Such a tree {ft)teT for / can be refined to a tree-analysis 
of /. The proof goes as follows: Given a tree-analysis {ft)t£T of / we show by downwards 
induction over T that every ft has a tree-analysis as desired. The only non trivial case is 
when ft is of type II, ft = ZIsgS* ^ = ran/t, and let = fs\E for s G St- Then, 

ft = ft\E = (Ese5t ^sfs) \E = J2seSt ^sf's- Since ran/^ <^ E = van ft, the inductive hypothesis 
finishes the proof. 

2. Observe that the subset of K,^^ consisting on functionals of type and / is also a norming 
set for the space: Given a finitely supported vector x, and (f) = rj^j of type II with of type 
or I, = \ Y.in{<t^i,x)\ < maxj 

3. Observe that a given cf) G Ki^-^ may have many trees as well as weights. 



3. Xuji HAS NO UNCONDITIONAL BASIC SEQUENCES 

Definition 3.1. A pair (x, (f>) with x G X^^j and (p G K^^-^ is said to be a (C, j)-exact pair if (a) 
\\x\\ < C, w{(p) = rrij and 4){x) = 1, and (b) for every ip G K^^ of type I and w^ip) = nii, i ^ j 
we have: 

r ^ iii<j 
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(C, j)-exact pairs are one of the basic ingredients for the study of mixed Tsirelson spaces as 
well as of hereditarily indecomposable spaces built on a frame of a mixed Tsirelson space. The 
next proposition ensures their existence everywhere. 

Proposition 3.2. Let {xn)n be a block seQuefice ifi SC^^^ . Then fov each j G M theve exists (x, (/>) 
such that X € {xn)n, <P S and is a {6, j)-exact pair. 

The existence of (6,j)-exact pairs it is proved by a similar argument to that for the Gowers- 
Maurey space |12j . It is primarily based on the unconditional part of the definition of K^^-^ 
(i.e., property 2.). A simple example of a (6, 2j)-exact pair is the pair {x,(p) where x = 
{m2j/n2j) J2aeF Ca, </> = (l/"i2j) EaGF and #F = n2j. 

Definition 3.3. Let j G N. A sequence (xi, 0i, 2;„2j_^i , i;^n2j+i) is said to be a (l,j) -dependent 
sequence if: 

DS.l SUppXl U SUpp</>l < • • • < SUppX„2j + i U supp (j)n2j+i- 

DS.2 The sequence <^ = {(pi, . . . , 4'n2j+i) is a 2j + 1-special sequence. 

DS.3 {xi,4)i) is a (6, 2jj)-exact pair with ^^suppxj < "i2ji+i/"'2j+i every 1 < i < n2j+i- 
DS.4 For every (2j + l)-special sequence = {ipi, . . . , '0n2j+i) we have that 

suppxifl suppV'« = 0- (10) 

Proposition 3.4. For every {yn)n, o, block sequence ofX^^^, and every j G N there exists (l,i)- 
dependent sequence (xi, (pi, ... , x„2j+i , 4'n2j+i ) such that Xj G {yn)n for every i = 1, . . . , n2j+i- 

Proof. Let {yn)n and j be given. We inductively produce {{xi,(pi)}^^^^ as follows. For i = 1 
we choose a (6, 2ji)-exact pair {xi,(pi) such that m2j^ > rn^-j^^, ji even (see the definition of 
special sequences) and xi G {yn)n- Assume that {(a;;, 0;)}J~} has been chosen such that there 
exists {piYiZi satisfying 

(a) suppxiUsupp^i < • • • < supp Xi_i U supp ijij-i, each x; G {yn)n and (xi,(pi) is a (6, 2j/)-exact 
pair. 

(b) Foi Kl <i - 1, w{(pi) = ag{(pi,w{(pi),pi, . . . .,(pi^i,w{(pi^i),pi^i). 

(c) Foi I < I < i - 1, pi > max{p/_i,jii7'J, where Fi = \Jk=i supp^fc U suppxfc. 

To define {xi,(pi) we choose pi-i > max{pj_2,PFi_ii'^2j+i ' #suppxi} and we set 

2jj = ag{(pi,w{(pi),pi, . . . .,(pi-i,w{(pi^i),pi-i). 

Choose a (6, 2jj)-exact pair {xi,(pi) such that Xj G {yn)n and suppxj_i Usuppi?!)j_i < suppxj U 
suppcpi. This completes the inductive construction. {DS.1)-{DS.3) easily holds, while {DS.4) 
follows from (c) and (3) of Lemma 12.91 □ 

Remark 3.5. Suppose that {yn)n and {zn)n are block sequences such that sup„ max supp y„ = 
sup„ max supp z„. Then for every j G N there is a (1, j)-dependent sequence (xi, cpi, . . . , Xn2j+i , 
4'n2j+i) with the property that X2i-i G (y„)n and X2i G {zn)n for every i = 1,... ,n2j+i/2. 

Lemma 3.6. Fix a {1, j)- dependent sequence {xi,(pi, . . . ,Xn2j+ii4'n2j+i)} <^'<^'i o, sequence of 
scalars {^Yi^i'^ such that maxj |Aj| < 1. Suppose that for every ip G K^-^ such that w{ip) = 
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m2j+i, and every interval of integers E C [l,n2j+i] it holds that 



VA,:e,)|<12(1 + ^). (11) 

Then, 



II V XiXiW < — . (12) 

We postpone the proof of this lemma to the end of Subsection 14.31 since involves non trivial 
estimates. 

Proposition 3.7. If {xi,(pi, . . . ,Xn2j+i,4'n2j+i) is a {1, j)- dependent sequence, then 
„ 1 „ 1 .,,1 „ 1 



V XiW > and II V (-l)^+^Xi|| < . (13) 

■■"2i+i ^ m2j+i n2j+i m^^.+i 

Proof. The first estimate is clear since the functional (f) = (l/w-2j+i) X^"=i^^ (/"i G and 
(/>((l/n2j-i-i) X]r=i^^ Xj) = l/m2j+i. For the second, we use Lemma l3^ applied to the sequence 
of scalars {{—iy'^^)i, and the desired estimate will follow from (|12|) . Fix if) G with w{ip) = 
m2j+i, and an interval E C [l,n2j+i]. Set ^' = (V'l, • • • , V'n2j+i) ^'^^ x = X]ie-B(~-'^)*^"'^^«' where 
= {l/m2j+i)Yji(iE'^i- Notice that 

iv(x)i = i — '^*(^) + — E V'.(2^)i< — + 1 — E V'.(^)i- (14) 

We shall show that the following hold 

r«; iV'.*,jE.ei?(-i)'+'^.)i < 1 + i2(#i^ - 

lV'A,,JE,,ei^(-l)*+'2;,)| < 1 + 12(#i? - l)/n|+i, and 
(c) !(Ez>«,,,^,/^A*,* V'0(2;i)| < 12/n2j+i for every l<i< ns^+i. 
Let us show first (a). Let 2jj be such that w{4>i) = ?7i2jj. Notice that for i / we have that 



12 



if i > K$ ^ 



By the properties of the sequences {mi)i, {ni)i and the fact that n^j+i < w{ipK^^), m2j^, (|T5|) 
yields that \ipK^^{xi)\ < 12/n|j^j^ for i ^ k^^<^. Hence 

I V'M.* (E I ^ (^-*,* ) I + ( E I < 1 + ~ ■ (16) 

(^6^ has a similar proof to that of (a). We check now (c). Fix / > K^^q,, I ^ X^,qi- Suppose 
that / > A^^iji. Since w{ipi) ^ w{4>i) for all i < n2j+i, we obtain that IV'K^^OI ^ l^/^ij+i- Now 
suppose that K^^q, < I < A^^iji. By {DS.4) we have that ipiixi) = for every K^^q, < i < X^^q,. 
And for i ^ (k*,!!-, A$^<i,), using the fact that w{ipi) 7^ w^cpi), we can conclude that |?/;;(xj)| < 
l^/'^ij+i- Hence, {T.i>k^^^,i^x^^^ < 12/n2j+i for every 1 < i < ns^+i, as desired. 
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Combining (a), (h) and (c) we obtain that 

J2 Mx)\<l + 4^. (17) 

From (HD) and ((111) we conclude that < 12(1 + #-E/n2j+i), as desired. □ 

Proposition 3.8. The closed linear span of a block sequence of X^j^ is hereditarily indecompos- 
able. 

Proof. Fix a block sequence (?/n)n of X^j, two block subsequences {zn)n and {'Wn)n of (yn)n 
and e > 0. Let j be large enough such that m2j+i£ > 1. By Proposition 13.41 we can choose a 
(l,i)-dependent sequence {xi,4>i,... ,Xn2j+i,4'n2j+i) such that X2i-i G {zn)n, and X2i G ('w„)„. 
Set z = (l/n2j+i)X]r=it/odd^* ^''^'^ = (l/"-2i+i) Z]r=M even^«- Notice that z G (2:„)„ and 
G {wn)n- By Proposition 13.61 we know that ||z + w|| > l/m-2j4.i and Hz — w\\ < Xjrn^-j^^. 
Hence Ijz — wll < e||2; + □ 

Corollary 3.9. (a) The distance between the unit spheres of every two normalized block se- 
quences (x„) and (yn) in X^j^ such that sup„ max supp x„ = sup„ max supp y„ is 0. 

(b) There is no unconditional basic sequence in . 

(c) Every infinite dimensional closed subspace of X^^^ contains an hereditarily indecomposable 
subspace. 

(d) The distance between the unit spheres of two nonseparable subspaces of X^^^ is equal to 0. 

Proof, (b): follows from Proposition l3.8l and 4. of Proposition lT^l (c): This result follows from 
(b) and Gowers' dichotomy. Moreover, every subspace of X^^ isomorphic to the closed linear 
span of a block sequence with respect to the basis {ea)a<LJi is hereditarily indecomposable, (d): 
Fix two nonseparable closed subspaces X and Y of X^j^. Now we can find a sequence {zn)n of 
normalized vectors such that for every n (a) Z2n-i G X, Z2n G Y and (b) suppz„ < suppz^+i. 
Notice that the supports suppz„ are not necessarily finite. Now approximating {zn)n by a 
normalized block sequence {wn)n as close as needed we obtain the desired result. □ 

4. Basic estimations and further properties of X^i^ 

In this section we introduce some of the standard tools of this area (see jl2|.|7]. [1]) 
which will be quite useful in our analysis of the space X^^^ . We also obtain that the space X^^^ 
is reflexive. 

4.1. Rapidly Increasing Sequences. The basic inequality. 

Definition 4.1. (Rapidly Increasing Sequences (RIS)) Let C, e > 0. A block sequence (xfc)^ of 
X is called a (C, e)- rapidly increasing sequence ((C, e)-RIS in short) iff there is an increasing 
sequence {jk)k of integers such that for all k, 

1. \\xk\\ < C 

2. |suppxfc| < ruj^^^e and 

3. For all type I functionals (p of K with w{(j)) < rnj^,, \(l){xk)\ < C/w{(l)). 
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Remark 4.2. 1. Notice that given e' < e, every (C, e)-RIS has a subsequence which is {C,e')- 
RIS. Notice also that for every strictly increasing sequence {an In, and every e > 0, {ea„)n is a 
(l,e)-RIS. 2. For every (1, j)-dependent sequence {xi, (pi, . . . , Xn2j+-i, 4'n2j+i) t^is corresponding 
block sequence (xi, . . . ,Xn2j+i) is a (12, l/n2j_^_l)-RlS. 

A primary reason for the usefulness of the notion of RIS is that one has good estimates of 
upper bounds on |(/, for / G K^^-^ and x averages of an RIS. 

Notation. In the sequel we shall denote by W the minimal subset of coo(N) which contains 
{e*}ngN) is symmetric, and is closed in rational convex combinations, closed in restriction to 
intervals, and closed for the (mj^, 4nj)-operations. 

Remark 4.3. By minimality of W, every element / of has a tree-analysis {ft)t£T- Using 
induction over the tree-analysis, it is not difficult to show that every / G if is the convex 
combination / = rj/j, with every /j in the norming set of r[(m~^, 4nj)j] and in the case that 
/ is of type I, then each /j can be chosen such that w{fi) = w{f). Hence, W norms the mixed 
Tsirelson space T[{m~^ ,4nj)j]. 

The following Lemma gives a very useful tool for reducing for a given / G Ki^-^ and a RIS 
(xfc)fc, upper bound estimates of \{f,Ylk^kXk)\ to upper bounds of K^, X^^. |&fc|efc)| where 5 is a 
functional of the auxiliary space T[{m~^ ,Anj)j] and {ek)k is its basis. 

Lemma 4.4 {Basic Inequality for RIS). Let {xn)n be a {C,e)-RIS sequence and fix {bk)k £ 
Coo(N). Suppose that jo G N is such that for all f G K^^-^ with weight w{f) = rrij^ and all 
intervals E, 

f{J2^kXk) <C lmax\bk\ + eY,\h\] ■ (18) 

keE \ ^ keE J 

(We say in this case that {xn)n makes jo negligible for {bk)k-) Then for every f G K^^ of type 
I there exists gi,g2 G cqo (N) such that 

\fC^bkXk)\ < C{gi + 5'2)(^ \bk\ek), 
where gi = hi or gi = e* + hi, t ^ supp/ii, and hi ^ W is such that hi G convQ{/i G W : 
w{h) = w{f)} and with rrij^^ not appearing as a weight of a node of a tree-analysis of hi, and 

lb2||oo < £• 

We postpone the proof of this result until Subsection 18.21 

Remark 4.5. Notice that any finite (C, e)-RIS sequence {xk)k is going to be jo-negligible for 
large jo. 

4.2. Estimates on the basis. 

Proposition 4.6. Fix a functional f of type I, either in W or in K^-^, j ^'H and I ^ [nj/mj,nj]. 
Then for every set f^F = I 

2 



' f^F ImiI 'f '"lf)>m,. 



1/(7 E 
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If the tree-analysis of f does not contain nodes with weight nij, then 

|/(yi;e„)|<^, (20) 

where in each case we interpret {ea)a&F in the obvious way. 

Proof. Fix f W of type I. By Remark 14.31 we can assume that / belongs to the norming 
set of T[{mJ^ ,Anj)j], i.e., / admits a tree-analysis with no convex combinations. The result is 
proved in the same manner as Lemma 4.2 of 

The result for / G K^-^ follows easily from the following. Let us denote by || • ||; the norm of 
the natural extension of T[{mJ^ ,4nj)j] to cji. It is clear that for this norm the natural Hamel 
basis {ea)a<uji of 000(1^1) is 1-subsymmetric, and also that || • ||/ dominates the norm || • H^^^^ . □ 

4.3. Consequences of the basic inequality. We start this subsection with the following 
estimates on averages of RIS. 

Proposition 4.7. Let {xk)k be a {C,e)-RIS for e < l/nj, I G [nj/mj,nj] and let f £ K of type 
I. Then, 

1 f /^r^ ifw(f)<mi 

1/(7 E I ^ , n> (21) 

Consequently, if {xk)\=i is a normalized {C,e)-RIS with e < l/n2j and I G [n2j /'m2j,n2j], then 

1 ^ „1 „ , 2C 



jE-^W^^- (22) 



m2j I ^ m2j 

Proof. This follows from the basic inequality and the estimates on the basis of T[(mJ^, 4nj)j] 
given in Proposition 14.61 For the last consequence, notice that if for every k < I we consider 
in K such that x^Xk = 1 and ranx^ C vanxk, then x* = {f / iT^2j) Ylk=i ^1 belongs to K, and 
x*{{l/n2j) Ylk=i ^k) = l/m2j. □ 

Definition 4.8. Let C > and A; G N. A normalized vector y is called a C — ^^-average iff 
there is a finite block sequence {xi, . . . , x„) such that y = {xi + • • • + Xk)/k and < C. 

Observe that since K^-^^ is closed under the (m^^, n2j)-operation, for every normalized block 
sequences {yn)n and every k, there are zi < • • • < in {yn)n such that (zi + ■ ■ ■ + Zk)/k is a 
2 — £j^-average (for a detailed proof see for example 0). 

Proposition 4.9. Suppose that y is a C — l\-average and suppose that Ei < ■ ■ ■ < £"„ are 

intervals with n < k. Then, X^ILi 11-^*2/11 — ^(^ + 2n/k). As a consequence, if y is a C — - 
average and (p £ K is with w[(j)) < rrij , then |(/)(y)| < 3C /2w{(j)) . 

In particular, for 2 — -averages we get that \4>{y)\ < 3/vu{cl)) ifw{(f)) < mj. 

Proof. See |22l or [H. □ 



Remark 4.10. Suppose that {xk)k is such that there is a strictly increasing sequence (jfc)fc 
and e > such that for all k, (a) is a 2 — -average and (b) ^^suppx/c < errij^^^. Then 
Proposition 14.91 shows that (xfc)^ is a (3, e)-RIS. In this case we will say that {xk)k is a (3, e)-RIS 
of a.1 averages. These remarks yield the following. 
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Proposition 4.11. Any block sequence in X^u-^ has a further normalized block subsequence which 
is a {3,e)-RIS. □ 

Proposition 4.12. Let {xn)n be a block sequence in Si^ji- Then for each j G N there exists a 
{6,2j)-exact pair such that x € {xn)n- 

Proof. Fix a block sequence {xn)n of X^^^^ and an integer j. By the previous proposition we 
can find a normalized (3, l/n2j)-RIS {yn)n in {xn)n- For each 1 < i < n2j choose 4>i G K^^^ such 
that (t)i{yi) = 1, and (pi < cpi+i. Set cj) = {l/m2j)J2i=i'Pi ^ K^i, and x = {m2j /n2j)YA=iyi- 
Then </>(x) = 1 and estimates in Proposition 14.71 yield 

{— Tn if w( f) < mo, 

and < 6. Hence {x,(p) is a (6, 2j)-exact pair. □ 

To finish this subsection we show Lemma 13.61 

Proof. (Of Lemma \'AM ) Fix a (l,j) dependent sequence {xi,(pi, . . . ,Xn2j+i,4'n2j+i) and a 
sequence (Aj)"^^-,^^^ with max, |Aj| < 1 such that for every ijj with weight m2j+i, and every 
interval E C [l,n2j+i], 

|V'(E^*^*)I^ 12(1 + 4^). (24) 

Since (xj)^ is a (12, l/n2j_|_i)-RIS (see Remark [4.2j) . (|2H) tells that (xj)i makes 2j + l negligible for 
{Xi)i. From the conclusion of the basic inequality and the estimates on the basis of T(4nj, 1/mj), 
it follows that for every / G K^^ 

1 2 2 1 

l/( E ^ 12( + < (25) 

as required. □ 

Proposition 4.13. The basis {ea)a<uji is shrinking and boundedly complete. Therefore X^^j-^ is 
reflexive. 

Proof. Since the basis {ea)a<uii is boundedly complete (see Remark 12. 4|) . we only need to 
prove that it is also shrinking. Suppose not. Then there exists a strictly increasing sequence 
A = {an}n of ordinals, scalars {Xn)n and x* = w* — lini„ X^J^Li '^nSa^ with x* ^ {e%„)n- Thus 
there exist e > and successive intervals {En)n such that for all n, > e. Choose 

{xn)n in Xa with suppx„ C ||x„|| = 1 and x*{xn) > e for all n. It follows that every convex 
combination HnXn satisfies || J2n l^nXnW > Now for sufficient large j G N we may construct 
a (2e, l/n2j+i)-RIS {yn)n of e-normalized averages such that every y„ is an average of {xk)k- 
Proposition 14.71 vields that ||l/(n2j) ^"^^ — (4e)/w.2j < e, a contradiction. □ 
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5. The operator spaces 

In this section we state and prove the main results about operators on and its subspaces. 
The new basic tool is the finite interval representability of a James-like space into X^^j. The 
section is divided into six subsections. The first concern James like spaces. In the second 
the finite interval block representability of Jt^ is defined and the structure of the space of 
the step diagonal operators is studied. In the third subsection the spaces £(X^) are studied 
and some consequences concerning the structure of the subspaces of X^j^ are obtained. In 
the fourth subsection the concept of asymptotically equivalent subspaces of j£^j is introduced 
and the structure of the spaces C{X,X^^) with X subspace of X^^ is studied. In the fifth 
subsection a construction of subspaces X is presented such that (Mm.C{X)/S{X) = 1 while 
X^^) / S{X, X^j) is of infinite dimension. The last subsection concerns some further results 
about the operators related to the Fredholm theory of strictly singular operators. 

5.1. James- like spaces. 

Definition 5.1. Let X be a reflexive space with a 1-subsymmetric basis {xn)n-, and let ^ be a 
set of ordinals. Jx(^) is the completion of (coo(^), || ■ where for x G coo(^), 



MJx{A) 



sup{|| x{i) Xn\\x ■ h < ■ ■ ■ < In intervals of A}. 

n=l \je/„ / 



The natural Hamel basis {va)aeA of cqq^A) is a bimonotone 1-subsymmetric transfinite basis 
of JxiA). Also, for every interval I of A the functional /* : Jx{A) R, I*{x) = J2aeA^(^) 
belongs to Jx{A) and ||/*|| = 1. 

Remark 5.2. As we shall see next, ii does not embed into Jx{A) and hence the basis (fa)aGvi 
is not unconditional. 

The following two facts are easy extensions of the corresponding results from jH]. 

Proposition 5.3. Let {yn)n be a semi-normalized block sequence in JxiA) with X^a£^yn(cK) = 
for every n. Then {yn)n is equivalent to the basis {xn)n of X. 

Proof. Let < c < C be such that c < \\yn\\ < C for all n. It is easy to see that: 

i-i 



c\\^anXn\\x <\\^anyn\\jx(A) < sup \\^{\aij + \ai^_^^\)Xq\\x < 

ii<i2<-<ii ^^-^ 



(^nXn\\x J 

n 

where K is the unconditional constant of {xn)n- The first inequality holds for any block sequence 
and the second uses our assumptions. □ 

Corollary 5.4. The space ii does not embed into Jx{A). 

Proof. If not, then from Proposition II .31 we could find a semi-normalized block sequence {yn)n 
equivalent to the ^i-basis. Therefore, passing if necessary to a further block sequence, we may 



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 



24 



assume that for all n G N, J2aeA Vnio) = 0. Hence ProDosition l5.3l vields that {yn)n is equivalent 
to {xn)n-, a contradiction. □ 

Remark 5.5. Suppose that A and B are two sets of ordinals with the same order type. Then 
the unique order-preserving mapping f : A ^ B defines naturally an isometry between / : 

Jx{A) Jx{B) by 7(EaGH^"'^") = EaGi?'""^/{")- 

The next proposition also extends the corresponding result from [S]. 

Proposition 5.6. For every ordinal 7 the space Jxil) ^-^ generated in norm by {[0, a)*}a<'y+i . 

Proof. We proceed by induction. It is clear that the successor ordinal case follows immediately 
from the inductive assumption. So we assume that 7 is limit ordinal and for all A < 7 the 
conclusion holds. Assume to the contrary that Y = {[0,a)*)a<'Y+i^ " ^ J^il)- Then there 
exists X* G Jxil) witli = 1 and e > such that d{x* ,Y) > e. Observe also that the 

inductive assumption yields that for all a < 7 if x* denotes the functional defined by 



if ;3 < a 

x*{vi3) if ^ > a, 

then ||rc*|| < 1 and d{x*^^Y) > e. In particular for all a < 7, , ([a, 7)*)) > e and from 
the Hahn-Banach and Goldstine Theorems there exists a finitely supported G Jx{^) with 
< 1, a < minsuppya, x*{ya) > s and | X]/3<7 (Z^) I — ^/^- Assuming further that 
a is a successor ordinal we consider the vector ya = Va — (Z]/3>a • Observe that 

< minsuppya, x*{ya) > £ — e/4 > e/2 and J2f3<-fyai(^) — 0- Hence we may inductively 
choose a block sequence {zn)n such that e/2 < \\zn\\ < 1, J2a<'y ^n{oi) = and > e/2. 

Observe that {zn)n is unconditional (Proposition I5.l-ij) therefore equivalent to the ^i-basis which 
yields a contradiction. □ 

Corollary 5.7. For every set of ordinals A we have that dim J^(A) = i^A. □ 

5.2. Finite interval representability of Jtq and the space of diagonal operators. 

Definition 5.8. Let X and Y be Banach spaces and let {xa)a<'y and {yn)n be a transfinite basis 
for X and a Schauder basis of Y respectively. We say that Y is finitely interval representable in 
X if there exists a constant C > such that for every integer n and intervals /i < ^2 ^ ■ ■ ■ ^ -^n 
successive, not necessarily distinct, intervals of 7 there exists Zi G {{xa)a€ii) {i = I, ■ ■ ■ ,n) with 
supp zi < supp Z2 < • • • < supp Zn and such that the natural order preserving isomorphism 
H : ((yi)r=i) ^ satisfies \\H\\ ■ \\H-^\\ < C. 

Recall that Maurey- Rosenthal 20_ , in their attempt to solve the unconditional basic sequence 
problem, have constructed a Banach space X with a weakly-null normalized Schauder basis 
(e„)n having the property that every subsequence of [en)n finitely block represents the James- 
like space JcQ, or equivalently (and as they said it), every subsequence of (e„)„, has a arbitrary 
large finite block subsequence of length k equivalent to the first /c-many members of the summing 
basis of Co . In our attempt to control non-strictly singular operators on Xaj^ , we have discovered 
the following analogous result that surprised us by its powers to explain many phenomena 



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 



25 



encountered, not only in but in essentially any other conditional space constructed so far 
using the general scheme described above in Section 2. Through all this section 7 will denote a 
limit ordinal. 

Theorem 5.9. Let {ya)a<'r be a normalized transfinite block sequence in X^^-^, and Y its closed 
linear span. Then Jtq is finitely interval representable in the space Y , where Tq is the mixed 
Tsirelson space T[(m^^-^, n2j)j]. 

We will postpone the proof until Section |HJ Throughout all this section C will denote the 
finitely block representability constant of Jtq in X^^-^. We will show in Section |H1 that C < 121. 

Remark 5.10. 1. Let us observe that since, as we will show, the basis of Jtq is not unconditional 
and it is finitely block representable in any block subsequence of the basis {ea)a<uii, then 
cannot have any unconditional basic sequence. In other words the finite interval representability 
of Jto in the block subsequences of X^^ must make use of the conditional structure of X(^j . Indeed 
we get more. Suppose that X has a transfinite basis, and suppose that a Banach space Y with 
a conditional basis (yn)n is finite block representable in every block sequence of X Then X does 
not contain unconditional basic sequences and from Gowers dichotomy T!^, X is hereditarily 
indecomposable saturated. 

2. The James like space Jtq has the following alternative description. It is the mixed Tsirelson 
space TG[{m2^ ,n2j)j], where G = {I* : / C N interval}. The minimal set Kq of coo(N) which 
is symmetric, contains G, and is closed under (m^^, n2j)-operations norms Jtq- 

Proposition 5.11. Let xi < • • • < x„ be finitely supported, cp £ K^-^ and set ri = (pXi for each 
i = l,...,n. Then \\ J27=i ^i'^ihro - ^ ^"'l- 

Proof. Fix a functional / of Kq with support contained in {l,...,n}, and a tree-analysis 
ift)teT of /. We show by induction over the tree T that for every t G T there is some (pt € K^^-^ 

such that ft{Y17=i '^i'^i) = (Ptixi H h x^). In particular /o(I]j ^i'^i) = 4>o{xi H h x^), and 

hence the desired result holds. If t G T is a terminal node, then ft = ±/*, / C {1, . . . ,n} an 
interval. We set (j)t = ±(/)|[minsuppXmin/imaxsuppXmax/]- It is clear that (pt G -f^^i, and 

(j)t{xi H hXn) = ±^(/)Xj = zb^rj = ftC^riVi). (26) 

iei iei i 

If t G T is not a terminal node, then ft = {l/m2j) Yli=i fsi^ where St = {si, . . . , Sd} ordered by 
fsj<---<fsa- Then (pt = (l/m2j) Yli=i '^Si clearly satisfies our inductive requirements. □ 

The next result shows that Jtq is minimal in a precise sense. 

Corollary 5.12. Suppose that X is a Banach space with a normalized Schauder basis (^Xn^n 
which dominates the summing basis of cq and is finitely block represented in Xa;^ . Then {xn)n 
also dominates the basis {vn)n of Jtq- 

Proof. Fix scalars {ai)^^-^^. Choose a normalized block sequence {wi)"^ of Xo^i C-equivalent to 
(^j)?=i- Fix f G Kq with supp/ C {1, . . . ,n} and a tree-analysis {ft)t&T of it. We are going to 
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find (j)t G K^-^ such that \ ft{Yl'i=i ^ C\4't{Yl each t £ T. This will show that 

n n n 

II ^ajUilljj,^ <C\\^^aiWi\\x^^ <C'^\\^^aiWi\\x, (27) 

1=1 1=1 i=l 

as desired. If t G T is a terminal node, then ft = ±1* , I C [1, n] interval. Since {xn)n dominates 
the summing basis of cq, we can find (pt S -f^^i such that 

n n 1 " 1 ^ 

(l^tC^aiWi) = \\'^aiWi\\x^^ > -^\\^aiXi\\x> -^\^ai\ = \ftC^aiVi)\. (28) 

i=l 1=1 i=l i=l 

If t is not terminal node, then we use the appropriate (rrigj^, n2j, )-operation. □ 

Definition 5.13. Let {xa)a<'y be a normalized transfinite block sequence, X its closed linear 
span. We denote by ^{X) the space of all bounded diagonal operators D : X ^ X satisfying 
the property that for all a < 7 limit there exists some G M such that D{xi3) = XaXp for every 
13 € [a,a + w). We also denote by T>{X) the space of all diagonal operators (not necessarily 
bounded) satisfying the above condition acting on {xa)a<'y 
Notice the following (linear) decomposition of {xa)a<'y, 

{Xa)a<'y = (xp) p(,[a,a+w)- (29) 
cj6A(7) 

The canonical decomposition of y G {xa)a<-y in X is y = yi + • • • + y„ given by p9j) . 

Remark 5.14. V{X) is a closed subalgebra of C{X). 

For an ordinal fi we denote by A(^) the set of limit ordinals < /i, and by A{ij,)^^^ the set of 
limit ordinals a = [3 + u < fi with (3 G A(^). We denote this (unique) /? by a~. Notice that 
A{n)^'^^ is the set of isolated points of A(/i) with respect to the order-topology. For technical 
reasons, is considered as limit ordinal. 

Remark 5.15. Notice that for 7 a limit ordinal, A(7-|- 1)^'^^ is order isomorphic to A(7) via the 
predecessor map. 

Definition 5.16. Let D G P(X). We define the map Cd ■ Ml + 1)^°'' ^ M by 

D{x^-) = ^D{a)xa-- (30) 

Namely, ^^(a) is the eigenvalue of D associated to the eigenvectors {x (3) j3^[a- ,a) ■ 

We consider the following linear map H : D{X) coo(A(7 + 1)(0))# defined by 

E{D){v^)=CD{a), (31) 

where coo(A(7 + 1)^'^))* denotes the algebraic conjugate of coo(A(7 + 1 )(''). The main goal here 
is to show that H defines an isomorphism between 'D(X) and J|i^(A(7 + l)^'^^). For D G 'D{X), 
let us denote 

ll^ll = SUplllLlxllx^^ : X G {Xa)a<y, \\x\\Xu,^ < 1} < OO, 

and for / G coo(A(7 + 1)W)#, 

11/11 = sup{/(x) : X G coo(A(7 + 1)^°^), ||2;||j^^ < 1} < oo. 
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Proposition 5.17. \\D\\ < \\E{D)\\ < C\\D\\ for every D G V{X). 

Proof. Fix D e V{X), and e > 0. Let y G (xq,)q,<^ with ||y|| < 1 be such that [ ||-D|| - ||Z)y|| | < e. 
Let y = ui + ■ ■ ■ + Un he the canonical decomposition of y in X, and ai, . . . , be such that 
Ui £ i^p) i3(^[a~ a ) ^^'^ every 1 <i <n. Let </> G be such that ||-Dy|| = 4>{Dy), and set = (pyi 
for i = 1, . . . , n. By Proposition 15.111 || J27=i '''i^iWjro — ll^l^' since {va)a is 1-subsymmetric 
we have that \\J2^=i^i'^aJ\jTg ^ lb II ^ 1- Hence 



n n n 



||H(Z))|| > \\E{D){J2r^v^MJT, = llE^^("*)^i^"»II^To > ^ ^0(0^) = 0(Dy) > ||D||-e. (32) 

j=l i=l 1=1 

This shows that ||D|| < ||H(D)||. Fix v = Y17=i ^i'^cn ^ Jtq with ||ti||jy^ < 1, and choose a finite 
normahzed block sequence C-equivalent to (t'ojf^i with Wi G (a:/3)^g[Q,- ^ for every 

i = 1, . . . ,n (indeed we may assume that the natural isomorphism F : (wi)'^^-^ (vi)^^-^ satisfies 
that ||F|| < 1, ||F-^|| < C; see Corollary ElSl) . Then, 

n n n 

\\'^{D){v)\\jj,^ = \\^^D{ai)aiVa,\\jT^ < II X] ^^("«)"«^«ll3ec.i = \\DC^aiWi)\\x^^ < 

1=1 i=l 1=1 

n 

< l|Z)||||^aiu;,|lx„, <C||Z)||. (33) 

1=1 

□ 

Theorem 5.18. The spaces 'D{X) and J^^(A(7 + l)'-''-') are isomorphic. 

Proof. By PropositionEIZl E\V{X) : V{X) J*^^(A(7+l)(o)) is an isomorphism. To see that 
it is also onto consider / G Jy^(A(7 + 1)^'^^) and define Dj G i'iX) as follows. For (3 G [a~,a) 
set Df{xi3) = f{va)xi3. It is easy to check that ^.{Df) = f. This completes the proof. □ 

Corollary 5.19. Let X and Y be the closed linear span of two transfinite block sequences of the 
same length 7. Then the natural mapping V'7 : ^(^) ~^ '^(X) defined by ■ilj-y{D) = D^^ is an 
isomorphism. □ 

Our intention now is to compare T>{X) and T>(Xi_jj^). 

Definition 5.20. 1. Given a closed A C A(a;i + 1), let Va{Xuj^) be the subalgebra of P(X^j) 
consisting on all D G T>{Xuj-^) satisfying that for every a G A^^\ there is some such that 
D\^[a-,a) = ^""^ ^l^[max = 0. Let Da(^lo.i) be the subalgebra of bounded 

operators of 2?yi(X^j). 

2. Given a transfinite block sequence {xa)a<-y, let Tx ^ A(a;i + 1) be defined as follows. Let 

r' = { sup maxsuppj;a„ : (an)n T,an < 7}> (34) 

n— >oo 

and let Fx = F'u{0, sup F'}. Another interpretation of Fx is to consider the map fx '■ A(7+l) — > 
uji defined by fxiot) = sup^<^ maxsuppx^ and Fx is nothing else but the image /(A(7 + 1)), 
and hence Fx \ max{Fx} and A(7 + 1)^*^) are order isomorphic. 

3. Given D G T>[X)., let E[D) G I?rx(^t<Ji) be the unique extension of D. Notice that 
D\X G V{X) for every D G Vy^{X^^). 
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Theorem 5.21 (Extension Theorem). For every X ^ X^j-^ generated by a transfinite block 
sequence the following hold: 

(a) Every D € T^iX) is extended to a step diagonal operator ED in V^Xc^-^). 

(b) The map D ^ ED defines a linear isomorphism from T>{X) onto the space T)y'^{X^^). 

Proof. We show that \\E{D)\\ < C\\D\\ for every D € V{X). Fix a finitely supported y e X^,^ 
such that ||y|| < 1 and \\E{D)\\ = \\E{D){y)\\. Since Z = { [op^ , a) : a G tI^^} U {[maxTx, wi)} 
is a partition of wi , y has a unique decomposition y = yi + ■ ■ ■ + yn ^or /i <•••</„, in X and 
yi € (ea)ae/j. Notice that £'(!)) [X^max Fx = 0) so we may assume that /„, / [maxTxi^i)- 
By definition of E{D) we have that E{D){y) = ^^^i^DiPi)yi where Pi = fx^{ai) for every 
i = l,...,n. Choose G K^^ such that ||^(i:»)(y)|| = (j){E{D){y)). By Proposition EUl 

n n n 

\\EiD)\\ =<PiY,^Dmyi) = Y.iDm(^{yi) = m){Y.^{yi)^P^) < 

i=l i=l i=l 

n 

<PP)llj4(A(7+i)(o))llE'^(y^)^^ll-^To < C\\D\\. (35) 

° i=l 

□ 



5.3. The spaces C{X^). 

Definition 5.22. A sequence (rri, 01, . . . , x^igj+i , </'n2j+i) is cahed a {d, j)- dependent sequence if 
the foUowing conditions are fulfihed: 

DSO.l <I> = (01, . . . , (/>n2j+i) is a 2j + 1-special sequence and (piXi' = for every I < i,i' < n2j+i- 
DS0.2 There exists {V'l, • • • , V'n2j+i } such that w{ipi) = w{(j),i), #suppxj < w{(t)i+i) /n2j_^_l and 

{xi,tpi) is a (6, 2ji)-exact pair for every 1 <i < n2j+i- 
DS0.3 If H = {hi, . . . , /in2j+i) is an arbitrary 2j + 1-speciaI sequence, then 

[J suppxi In [J supp/ij 1 =0. (36) 

Proposition 5.23. For every (0, j) -dependent sequence (xi, 01, ... , x„2^._^^ , 0n2j+i) /laue i/iai 

„ 1 / M, 1 

xi + ■ ■ ■ + ) < — . 

n2j+i mij^^ 

Proof. The proof is rather similar to the proof of Proposition 13.61 One first shows that 
|'i/'(l/n2j+i X^ieE ^ 12(1 + #E/n2j_^_i) for every special functional with w{ip) = m2j+i, 
and then the result follows from the basic inequality, since, by condition {DS0.2), {xi)^^^^^ is a 
(12,l/n2^.^,)-RIS. □ 

Proposition 5.24. Suppose that {yk)k is a {C,e)-RIS, and suppose that T : {yk)k ^lui is 
a linear function (not necessarily bounded) such that lim^^oo d{Tyn,^yn) / 0. Then for every 
e > there is some z E {yk)k such that \\z\\ < e\\Tz\\. 
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Proof. We may assume that there is some 6 > such that inf„ d(Tyn,Ryn) > S > 0, and also 
that (Tyn) n is a. block sequence (hint: Consider the following limit ordinal 



pass to a subsequence of (yn)n and replace T by P^y^T). 

Claim. There exist an infinite set ^ C N and a block sequence {fn)neA of Junctionals in K^^ 
such that: 

(a) For every n e A, fnTyn > S, = 0, ran/„ C ranry„ andsupp/„ fl suppy^ = 
for every m ^ n. 

(b) Either for every n £ A maxsuppy„ > maxsupp/„ or for every n £ A maxsuppy„ < 
max supp /„ . 

Proof of Claim: By the Hahn-Banach theorem, for each n € N we can find a functional /„ of 
norm 1 such that /„(ry„) > 5 and fn{Vn) = 0. Since the w*-closure of K^^-^ is -B^*^ (notice that 
K by definition is closed under rational convex combinations) and K^^ is closed under restriction 
over intervals, we may assume that /„ S K^-^ and ran fn Q ranTy„. Let a = max„supp7/„ and 
P = max^supp/n. If a 7^ /?, it is rather easy to achieve the desired result. If a = /3, then 
we can pass to a subsequence A and distort /„ such that for every n £ A, max supp > 
max supp yri. □ 

So, we may assume that (/n)n satisfies the requirements of previous Claim. Fix j with 
m2j+i > 12/ {e6). 

Claim. There is a {0, j)- dependent sequence {zi, cpi, . . . , Zn2j+i, 4>n2j+i) such that for every k < 
n2j+i, Zk € X, rancpk Q ranTzk and (pkTzk > 6. 

Proof of Claim: Choose ji even such that m2j^ > n^-j^-^^ and choose Fi C N of size n2j^ such 
that {yk)keFi is a (3, l/n2j^)-RIS (going to a subsequence of {yk)k'i see Remark |4.2|) . Set 



Notice that (piTzi = {X/n2j^)Yl,k&Fi f^Tyu > <5 and by (a) from the Claim, we have that 
(f)izi = (l/n2ji) EfceFi EieFi fkivi) = 0. Pick 



and set 2j2 = ag{^i,m2j^,pi)- Now choose F2 > Fi finite of length n2j2 such that {xk)keF2 is a 



70 = min{7 < : 3A £ [N]°° inf d{P^Tyn,Ryn) > 0}, 



(37) 




pi > max{p£,(supp zi UsuppTzi U supp^i), ^suppzi-nl 




(38) 



(3,l/n2 . )-RIS. Set 




1 



(39) 



Notice that (j)2 > 4'i, 4'2T^2 > ^ and 4'2Z2 = 0. Pick 



P2 > max {pi , (supp zi Usuppz2 UsuppTzi UsuppTz2 Usupp^i Usupp<I>2), #suppz2'f^2 



■2j+l}} 

(40) 
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and set 2j3 = o-g((/)i, m2ji 02, ■"1-2^2)^2), and so on. Let us check that {zi^cpi, . . . , -Znaj+n ^naj+i) 
is a (0, j)-dependent sequence: Condition (DSO.l) and {DS0.2) are rather easy to check from 
the definition of this sequence. Let us check {DS0.3). There are two cases: (a) Suppose that 
maxsuppzjfc < max supp i?i>fc for every 1 < A; < n2j+i. Then suppz^ C supp (/)a^ jj-i^^*'^"^ for 
every k<j>,h < k < X^^h- Then part 2 of (TP.3) gives the desired result, (b) Suppose that 
max supp < maxsuppzfc for every I < k < n2j+i- Then supp^fc Q supp zx^ ^-i''^*'^"^ for 
every k^^h < k < X^^h, and we are done by part 1 of (TP.3). □ 

Fix a (0, j)-dependent sequence (zi, (pi, . . . ,Zn, 0n2j+i) as in the Claim, and set 

z = V i-l)^+^Zk and (j) = V (Pk- 

Then <pTz = l/ns^+i EfclY' (-l)''^^^^^ > -5^2^+1 and \\z\\ < 12/m2.^^. So, ||r(2)|| > 
5/m2j+i > 5m2j+i\\z\\/12 > e\\z\\ as desired. □ 

Corollary 5.25. Let {yk)k be a {C,e)-RIS, Y its closed linear span and T : Y —i- X^j-^ be a 
bounded operator. Then lim^^oo 

Proof. If not, by the previous Proposition 15.241 we can find a vector z € {yk)k such that 
||z|| < (1/||T||) llTzll which is impossible if T is bounded. □ 

Lemma 5.26. Let {xn)n be a {C,e)-RIS, X its closed span and T : X — > X^^^ be a bounded 
operator. Then At : N ^ M defined by d{Txn,^Xn) = \\Txn — XT{n)xn\\ is a convergent sequence. 

Proof. Fix any two strictly increasing sequences (a„)„ and with sup„ an = sup„ /?„, and 

suppose that Xxioin) -^n Xi, Ar(/3n) -^n X2. By going to a subsequences, we can assume that 
Xa„ < Xfs^^ for every n. Since the closed linear span of {x^^ }nU{x/3^ }„ is an H.L space, we can find 
for every e two normalized vectors wi € {xa„)n and W2 G {xp„)n such that \\Twi — XiWi\\ < e/3, 
\\Tw2 — A2?y2|| < £/3 and \\wi — W2\\ < e/3||T||. Then we have that 

||AiWi — A2W2II < \\Twi — XiWiW + \\Twi — Tw2\\ + \\Tw2 — A2tL'2|| < s, (41) 

and hence, 

e > IIAiWi — A2W2II > |Ai — A2IIIW1II — IA2IIIW1 — ?i;2|| > |Ai — A2i — |A2|e. (42) 

So, |Ai — A2I < e(l + IA2I) for every e. This implies that Ai = A2. □ 

Definition 5.27. Recall that for a set A of ordinals A^^^ is the set of isolated points of A. Fix a 
transfinite block sequence {xa)a<'y, let X be the closed linear span of it and let T : X ^ X^j-^ be 
a bounded operator. We define the step function of T : A(7 + 1)^'^) ^ M as follows: Let 7 
be a successor limit ordinal less than 7. Let ^t(7) = C € 1^ be such that lim„^oo \\Tyn — ^yn\\ = 
for every (3, e)-RIS {yn)n satisfying that sup„ max supp y„ = 7. Lemma 15. 261 shows that ^ exists 
and is unique, and that can be extended to a continuous '■ ^(7 + 1) — > M. 

Given a mapping ^ : A(7+l)('') ^ R we define the diagonal, not necessarily bounded, operator 
: X ^ X in the natural way by D^{xa) = ^{a + io)xa- Given a bounded T : X ^ X^^^ we 
define the diagonal step operator Dt : {xa)a<^ — > of ^ as Dt = L)^^. 
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Remark 5.28. The function has only countable many values. This follows from the fact 
that it can be extended to a continuous function defined on A(7 + 1). As it is well known, if 
7 = the function S,t is eventually constant. 

Proposition 5.29. The sequence (||(T — DT){yn)\\)n £ co(N) for every RIS {yn)n in X- 

Proof. This is just a consequence of the definition of Dt- □ 

Proposition 5.30. A hounded operator T : X ^ Xo^j is strictly singular iff £,t = 0. 

Proof. Suppose that T is not strictly singular. Then there is a block sequence {yn)n such that T 
is an isomorphism restricted to the closed linear span Y of {yn)n- Going to a block subsequence if 
necessary, we assume that (?/n)n is a RIS. Since T\Y is an isomorphism, lim^^oo 11^^?/™ II > 0. This 
implies that CT|A(a + ^ 0, since otherwise Ct(ck) = contradicting the above inequality. 

Suppose now that 0. Choose some successor limit 7 such that iril) 7^ 0. Then we can 
find a block sequence {yn)n ^ ^7 such that T is close enough to irilYv^Xui-^^-: where Y is the 
closed linear span of {yn)n- Hence, T is not strictly singular. □ 

Proposition 5.31. Let {xct)a<-y be a transfinite block sequence, X its closed linear span of 
{xa)a<'y o-^d a bounded operator T : X ^ ^u^- Then \\Dx\\ < C'H^H o-nd hence Dt G T)[X). 

Proof. Fix a normalized y G {xa)a<-y Let y = yi + ••• + ?/„ be its decomposition in X, 
yi € {xp) i3(,yaT ,a,) for i = 1, . . . ,n. Choose G K^-^ such that (i){D{y)) = \\D{y)\\. Then, 

n n n n 

my)\\=Y,iT{ai)<P{yi) = eT(a.)<)E 0(y.)t^O < WY^ixiaMj,^, (43) 

4=1 j=l 1=1 i=l 

the last inequality holding because || ^"=1 (/"(yO^ai II Jtq — 11^11^1^1 — ^- finish with the next 
claim. 

Claim. \\T:i=iiT{ai)vn.^^^<C\\T\\. 

Proof of Claim: Fix e > 0. By the finitely block representability of Jtq in X^^ and Proposition 
we can produce inductively i/Ji, . . . such that (1) Wi G (■^/3)^g[Q,~ cx.y 

(2) the natural isomorphism F : {wi)^^i {vi)i=i is such that ||F|| < 1 and ||i^^^|| < C, and 

(3) Ei=iUT{ai)wi-Twi\\<e. 

Choose X = J27=i ^i'^i ^ Jto of norm 1 such that || Y17=i ^T{ai)v*\\j*^ = Yl'i=i S,Tiai)ri. Then 
II Yli=i riWiWx^^ < C and hence 

n n n n 

\\DT{Y,r,wi)\\ > \\Y,r^CT{a^)v,\\J,^ > Y,^T{a^)r, = WY^^rimXh^^. (44) 

i=l 1=1 1=1 1=1 

This implies that \\E7=iCT{ai)v*\\j^^ < ||r(Er=i II + WiT - DT){Ei=inwi)\\ < C\\T\\ + 
e. ° □ 

□ 

Theorem 5.32. Let (xq,)q<^ be a normalized block sequence o/X^^j, X its closed linear span. 
Then for every bounded operator T : X — > X^^j , Dt '■ X X^j-^ is bounded and T — Dt is strictly 
singular. 
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Proof. This follows from Proposition I5.3U1 and Proposition 15.311 □ 

Corollary 5.33. Any bounded operator from the closed linear span X of a transfinite block 
sequence into the space jC^^^ is the sum of the restriction of a unique diagonal step operator 
D € T>x{^uji) CLiT'd an strictly singular operator. 

Proof. This follows from the previous theorem and Theorem 15.211 □ 

Corollary 5.34. (1) For T : X ^ bounded TFAE: (a) T is strictly singular, (b) = 0, 
and (c) Dt = 0. 

(2) The transformation T Dt is a projection in the operator algebra C{X) of norm < C. □ 

Proposition 5.35. Let X ^ X^^^, / C an interval such that Pi\X is not strictly singular. 
Then for every e > there exist a normalized sequence in X and a normalized block 

sequence {zn)n 'in X/ such that ||y^ ~ Zn\\ < £• 

Proof. Set / = [a,P] and suppose that Pi\X is not strictly singular. Let 

7o = {7 G (a,/?] : P'y\X is not strictly singular}. 

We can find for every e > 0, (?/n)n ^ X and a block sequence {wn)n Q X70 such that P^^ 
is an isomorphism when restricted to the closed linear span of {yn)n, sup„ max supp = 70 
and J2n\\^n - P"/oyn\\ < e/2. Consider U : {wn)n •^[7o,t-'i) defined by Uwn = P['yo,uji)yn- 
Notice that U is bounded. Since = 0, U is strictly singular. Hence we can find a block 
sequence {zn)n of {wn)n such that for all n, \\Uzn\\ < e/2"'+^ and hence the corresponding block 
sequence of {yn)n satisfies that J2n W^n — Xn\\ < £■ Finally, notice that for large enough 

no, {Zn)n>no ^ ■ D 

Corollary 5.36. The space 3C^-^ is arbitrarily distortable. 

Proof. For j G N, and x £ X^^, let \\x\\2j = sup{i;^(a;) : w{(j)) = m2j}- Let X ^ Xuii- Since for 
every e > we can find a subspace of X generated by a Schauder basis {yn)n and a normalized 
block sequence {zn)n of X^j-^ such that ||y„ — ^^nll < without loss of generality we can 
assume that X is generated by a block sequence {zn)n- Now, we can find an (6,j)-exact pair 
(x, (/)), with X G {zn)n and hence 1 < \\x\\2j < \\x\\ < 6. And for any other j' > j, a (6, 2j')-exact 
pair (x',0') with x' G {zn)n and hence 1 < ||x'|| < 6 and ||x'||2j < 12/m2j. So, 

||xV||x'||||2,- - 12/m2,+i 72 • ^ ^ 

□ 

Definition 5.37. Two Banach spaces X and Y are called totally incomparable if and only if 
no infinite dimensional closed Xi ^ X is isomorphic to Yi ^ 1". 

Corollary 5.38. For disjoint infinite intervals I and J, the spaces Xj and Xj are totally 
incomparable. 

Proof. Suppose not, and let X ^ Xj, and Y ^ Xj such that T : X — > y is an onto 
isomorphism. By the previous Proposition 15.351 we can assume that X is generated by a block 
sequence. But since = 0, T cannot be isomorphism. This is a contradiction. □ 
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Another consequence of the representabihty of Jtq on each transfinite block sequence is that 
we can identify the space T>{X) of diagonal step operators on X and hence identify C[X) / S{X) 
for every closed span X of a transfinite block sequence. 

Corollary 5.39. C{X)/S{X) ^ C{X,X^^) / S{X,X^,) ^ JtoC^x^) for every X ^ X^, gener- 
ated by a transfinite block sequence. 

Proof. This follows from Lemma 15.181 since A(7 + 1)'^'^) and are order-isomorphic. □ 

Remark 5.40. Note that C{X)/S{X) ^ J^oO^x) if Px is infinite. To see this, fix a transfinite 
block sequence {xa^aK-y generating X such that 7 ^ ^'^^ Then rx\{maxrx} and A(7~l~l)^''^\{'-i-']" 
are order-isomorphic. 

Theorem 5.41. Every projection P of is of the form P = Pj^ -|- • • • -|- Pf„ + S, where /, are 
intervals of ordinals, li < /j+i and S is strictly singular. 

Proof. Suppose that P : X^j-^ X^^-^ is a projection, P = Dp+S. Since P^ = P, we obtain that 
Dp — Dp is also strictly singular and therefore (^p(a)^ — Cp('^))*X|^_ ^yXu,-^ is strictly singular 
for every successor limit a. This implies that : A(a;i -|- l)*-''-' — > {0, 1}. And since has 
the continuous extension property, there is no strictly increasing sequence {a„}„ C A(a;i -|- 1)^''^ 
such that Cp(a2ra) = 1 and Cp('^2ra+i) = for every n. □ 

Corollary 5.42. For every n E N there is some m S N such that for every projection P 
of X^jj with \\P\\ < n, P can be written as P = Pj^ + • • • + Pi^. + S such that k < m and 
Ii « I2 « ■ ■ ■ « Ik, where A « B denotes that the interval (sup^,inf i?) is infinite. 

Proof. Fix n, and let P : X^j-^ — > X^^^ be a projection such that ||P|| < n. Let j be the 
first integer such that m2j > 2nC. We claim that m = n2j works. For suppose that P = 
Ph + • • • + Pik + S with /i <<•••<< Ifc and k > n2j. Fix e > 0. Find a normalized block 
sequence {xi,yi,..., x„2^-/2, yn2j/2) such that 

(a) Xi G Xi^, yi G X(sup/„mm/,+i) for 1 < i < n2j/2 - 1, and yn2j/2 > Xn2,/2, 

(b) (xi,yi, . . . ,2;„2^./2,yn2,/2) is C-equivalent to and 

(c) < e where F = ((xi,,yi, . . ■ ,Xn2^/2,yn2,/2))■ 
Set x = xi - yi -\ h x„2^./2 - 2/n2j/2- Then, 

\\x\\ < C\\ ^{-ly^^v^j^^ < C|| ^tillTo = Cn2j/m2j, (46) 

i=l i=l 

and 

n2j/2 ri2j72 

\\P{x)\\ > II ^'H - ^ ^ II ^^ll-^^o - ^ = "2j/2 - e. (47) 

i=l i=l 

(|46|) and (|47j) imply that ||P|| > (m2j/2 — em2j / n2j) / C . Hence, ||P|| > n, a contradiction. □ 

5.4. Asymptotically equivalent subspaces and £.{X,Xuj-^). Our aim here is to extend the 
results about operators on subspaces generated by a transfinite block sequence to arbitrary 
subspace. 
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Definition 5.43. Let X be a subspace of A subset F of wi + 1 is said to be a critical set 
of X if the following hold: 

(CSl) r is closed of limit ordinals, and E F. 

(CS2) For all 7 G F, 7 < il, is not strictly singular and for all a G (7, 7^^), P(^^^a)\^ is 

strictly singular, where 7''' is the successor of 7 in F and = maxF. 
(CSS) P[Q j^j)|X is strictly singular (we use P0 = 0). 

Notice that from the definition it follows easily that if F is a critical set of X, then maxF = 
min{7 < ui : P[^ j^^)|X is strictly singular}. 

Proposition 5.44. For every X ^ a critical set F is uniquely defined, denoted by Fx- 

Proof. Fix X ^ 36^^^. We show first that a critical set X exists. We proceed by induction 
defining an increasing sequence {'ya)a<oji as follows: We set 70 = 0. Suppose we have defined 
{lp)p<a satisfying conditions (CSl) and (CS2). If a is a limit ordinal, then we set 7q, = 
svii>p^^^p. Suppose now that a is a successor ordinal. If _,uji)\^ is strictly singular, then 
we set 7o = 7a- • If not, let 

7a = min{7 G (7„-,cJi) : Py^ -,7)!^ is iiot strictly singular}. 

Let us observe that if X is separable, then the sequence (7Q)a<a;i is eventually constant and we 
set Fx = {7Q}a<a;i- If X is nonseparable, then the sequence (7o)a<tJi is strictly increasing and 
= {7Q}a<a;i U {a;i}. 

Next we prove the uniqueness of Fx- Suppose on the contrary, and fix F 7^ F' two different 
critical sets. Set 7 = max(F n F'). First notice that maxF = maxF'. So, either 7^ < 7p, or 
7p, < 7p . This yields a contradiction using the fact that both F and F' satisfy (CS2). □ 

Remark 5.45. 1. The critical set Tx provides information concerning the structure of the 
space X. For example the space X is H.I. if and only if Fx = {0, r^x}- Also, two subspaces 
X,Y ^ are totally incomparable if and only if Fx n Fy = {0}. 

2. For a transfinite block sequence {xa)a<'f its critical set is nothing else but the set introduced 
from Definition lOil (2). 

Proposition 5.46. For every Y X, the corresponding critical set Fy is a subset ofTx- 

Proof. This follows by an easy inductive argument. □ 

Proposition 5.47. For every separable X ^ X^j-^ and for every e > there exist an ordinal 
7 < uJi, a normalized sequence {ya)a<'y in X and a normalized transfinite block sequence {za)a<'y 
such that (a) X]o<7 Ika — 2;q,|| < e and (b) Fx = F^ where Z is the closed linear span of {za)a<'y 

Proof. Use Proposition 15.35] and a standard gliding hump argument. □ 

Definition 5.48. Let X,Y ^ Xuj^. 

(i) We say that X is asymptotically finer than Y , X <aY , if and only if Fx C Fy. 

(ii) We say that X is asymptotically equivalent to y, X y, if and only if Fx = Fy. 
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It follows easily from the above definition that the relation <a is a quasi ordering in the class 
of the subspaces of X^^^ which from Proposition 15.461 extends the natural inclusion. Notice also 
that =a is an equivalence relation. 

We now give two alternative formulation of these notions. 

Proposition 5.49. For X,Y ^ X^^ TFAE: 

(1) X<aY, 

(2) if Pj\X is not strictly singular, then Pi\Y is not strictly singular, for every interval I Q uji, 
and 

(3) d{Sx',SY) = for every X' ^ X. 

Proof. Let us observe that for a closed infinite interval /, Pi\X is not strictly singular iff there 
is some £ Tx with minFx < 7p^ < max/. The inverse direction follows immediately 
from the definition of the critical sets. So assume now that Pi\X is not strictly singular. Set 
7o = max{7 € Tx '■ 7 < min/}. Observe that 70 < mini < Vlx, hence miaVx < J-px — 
by the minimality of 7p^ (Property (CS2)). It is easy to see that the above observation implies 
easily the equivalence (1) 44> (2). (1) =^ (3): Suppose that X' ^ X. Then by Proposition 15.461 
and our assumption, Tx' Q Py- By Proposition 15 .47) we can find two block sequences (zn)n and 
{wn)n in ^0+ such that (a) sup„ max supp z„ = sup„ max supp = Ojt , and (b) d{Sz, S'^^) = 

d{Sw,SY) = where Z and W are the closed linear span of {zn)n and {wn)n respectively. By 
Corollarv l3.9l d{Z, W) = and we are done. (3) =^ (2): Since for every X' ^ X, d{Sx', Sy) = 0, 
we obtain that for every e > 0, and every X' ^ X there exists two basic sequences {zn)n and 
{wn)n such that Zn € Sx' and Wn € Sy for all n and ^„ — t^nH < £• Assume now that Pi\X 
is not strictly singular. Choose X' ^ X such that Pi\X' is an isomorphism. Let {zn)n Q X' and 
{wn)n ^ y as above. Then is isomorphism and hence Pi\Y is not strictly singular. □ 

Proposition 5.50. For X,Y ^ the following are equivalent: (1) X =a Y, (2) Pi\X is not 
strictly singular if and only if Pj\Y is not strictly singular, for every interval I C uJi, and (3) 
d{Sx',SY) = d{Sy', Sx) = for every X' ^X,Y' ^Y. □ 

Corollary 5.51. (1) For every X ^ X^^^ and every A C Tx there is Xa ^ X such that 
(2) For any nonseparable X,Y ^ X^j-^ there are nonseparable Xi ^ X , Yi ^ Y such that 

Xl=aYi. □ 

We shall need the following consequence of a well known result from Lindenstrauss |16j . 

Lemma 5.52. Let Z ^ X ^ X^^^ with Z separable. Then there exist a separable subspace W 
of X and 7 < wi such that Z ^ W and P-y\X is a projection onto W. □ 

Remark 5.53. Notice that for W and X as in the Lemma, Tw is an initial part of Tx- 

Proposition 5.54. Let X be a subspace of X^,^ and T : X X^^^ a bounded operator. Then 
there exists a unique Dt E Prx(-^a^i) such that (a) ||-Dt|| < 2C^||T|| and (b) T — Dt\X is 
strictly singular. 
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Proof. Fix X ^ X^^ and a bounded operator T : X ^ jC^^. First suppose that X is 
separable. Then we can find a transfinite basic sequence {ya)a<-f ^ ^ and a transfinite block 
sequence {za)a<'y of X^^ such that Ylia<-y WVa ~ < 1 and X =a Z, where Z denotes the 

U T\Y 

closed linear span of {za)a<-f Consider now T' : Z ^ Y —>■ X^j-^ where Y is the closed linear 
span of {ya)a<"/ and U : Y ^ Z is the isomorphism defined by Oo-Za) = Yla<-y '^(^yci- 

Notice that \\U\\ < 2. Then there is unique D E T^{Y) such that T' — D is strictly singular, or 
equivalently there is unique Dx' € Pr^l^t^i) such that T' — Dx'\Z is strictly singular. Notice 
that ||L>T'|I < C\\D\\ < C^WT'W < C2||[/||||r|| < 2C'^\\T\\. Let us show that T - Dt' is strictly 
singular. Let X' ^ X and e > 0. 

Choose Z' ^ Z such that (F^, \ {0}) n (F^' \ {0}) / 0, \\U\Z' - iz',x^J < e/(4||r||) and 
|[(r' - Dt')\Z'\\ < e/4. Pick z' G Z' and x' G X' such that \\z' - x'\\ < e}{2{\\DT'\\ + \\T\\)). 
Then 

||(r - Dt>)x'\\ <\\(T - Dt')x' - (T' - Dt')z'\\ + ||(r' - Dt')z'\\ < \\T\\\\x' - Uz'\\ + 

+||L't'III|2;' - z'W + 1 < (||r|| + \\Dt'\\)\\x' - z'\\ + 1 < £• (48) 

Now suppose that X is nonseparable. By Lemma [5.521 we can find a sequence {X^)^^^^-^ of 
separable complemented subspaces of X such that F^^ is an initial part of Fx for every 7 < wi . 
Now the result for X follows easily from the result for the corresponding = T\X^ and the 
fact that Dt G Prx(^i^i) and Dt^ G Vr^^iSC^ji) are unique. The uniqueness of Dt G Prx(^<^i) 
is clear from the analogous result for transfinite block sequences. □ 

Theorem 5.55. C{X,X^,) ^ © X^J ^ J^^ (fJ^) © X^J for every X ^ 

X^j. If in addition Fx is infinite, then X^^^^) = J^^(Fx) ©5(X, X^^^^). 

Proof. Let H : 'Dyx ~^ C,{X^X^^) be defined by D 1-^ D\X. Assume first that X is separable. 
It is clear that < For an appropriate e' > 0, we can find normalized {ya)a<-y and a 

normalized block sequence {za)a such that Fx = F^ and \\za — ya\\ < e' where Z the closed 
linear span of {za)a<-y Since by Theorem 15.211 ||-P|.^|| > !|D||/C, we get that 

\\D\\/C < \\D\Z\\ < {l + e)\\D\Y\\ < {l + £)\\D\X\\ = {I + £)\\H{D)\\. (49) 

Hence, H defines an isomorphism. To show that H is an isomorphism when X is nonseparable 
we use a family {Xa)a<uji of separable complemented subspaces of X defined as in the previous 
proof. Proposition 15.541 shows that £(X, Xa;i) = I?rx(^i^i) © <5(-'^, X^j^ ) . 

For the later isomorphism see Remark 15.401 □ 

5.5. Examples with C{X)/S{X) ^ C{X, Xu,t_)/S{X, X^,^). We present a family {Z^}(;<u;i 
of separable subspaces of X^j^ such that each is indecomposable but has a ("-closed direct sum 
as a subspace. 

Definition 5.56. For given a < /3 < wi, let da,/3 = ea + ep. Given A = {a„}„ Ti = {/3n}n 
such that A < let Za,b be the closed linear span generated by {dan,Pn}n- 

Proposition 5.57. Tz^g = {0,a,/3} where a = sup A, (5 = supi?. 
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Proof. We get the direct inclusion above, since Za^b ^ '^Avjb- It remains to show that Pa\ZA,B 
and P(a,i3) \^A,B are not strictly singular. We check the case of Pa\2A,B since the other is similar. 
Let U : Xa — > Za,b be the linear map defined by ea„ ^ dn- Since lim^ d(C/eQ„ , MeQ,„) > 1, we 
can apply Proposition 15.241 and we can obtain a block sequence {xn)n such that = 1 and 

|[2;„|[ < 1/2" for every n. Now 2:^11 > llf^^^nlj — ll^^nll ^ 1/2 for every n. Hence, is an 

isomorphism where X is the closed linear span of the Schauder basic sequence {Uxn)n- D 

Remark 5.58. Note that this shows that Za',b' =a Za,b for every infinite A' C A, 5' C B. 

Proposition 5.59. Suppose that T : Za,b is bounded and satisfies for every n, m 

eljdm = e^Tdm. (50) 

Then there is some scalar A such that T — ^izAB,^L^i i^ strictly singular. Consequently, every 
bounded operator T : Z ^ Z is of the form T = Xldz + S, where S is strictly singular. Hence, 
Z is indecomposable. 

Proof. Let T : Za,b X.a,b be bounded and satisfying ((SOJ. Let dn = da„^p,^ for every n. 

Claim. \\m.n^ood{Tdn,'&dn) = 0. 

Proof of Claim: Condition H5U|) implies that 

max{inf d(P„T(i„,Me„J,inf (i(P[„,^^)rd„,Me;3j} > 0. (51) 

Without loss of generality we may assume that \n.ind{PaTdn,^ean) > 0. Applying Propo- 
sition ESI to U = PaT : {ea„)n — ^ ^t^n we can find x = YlkeF "^k^ak € {ea„)n such that 
||a;|| < (l/3||r||)||C/x|| and \\Y^k<=F (^ke^kW < (l/3||r|[)||C/x||. This implies that \\Y>k€F "'kdkW < 
{2/3\\T\\)\\TiJ2keFakdk)\\ < (2/3)|| EfcgF "^411, a contradictiom □ 

Now for each n, let A„ G M realizing d{Tdn,^dn) = \\Tdn — A„(i„||, and choose any accumu- 
lation point A of (A„)„. Let us show that S = T — Xz^ ^ is strictly singular. Fix e > 0, and let 

C N be infinite such that A„ -^n-^oo,n£N A and \\T — Xiz^, gi\\ < s/2, where A' = {an}neN, 
B' = {Pn}nGN- Noticc that from Remark 15.581 we know also that Za'^b' =a Za,b- So, given 
any X ^ Za,b-, we can find normalized x & X, y G Za',b' with ||x — y\\ < e/2|[S'|[. Hence, 
\\Sx\\ < \\Sy\\ + 11^(3; -y)\\<e as desired. □ 

We generalize the previous ideas and we present a family Z^ (j < uJi, j limit) of infinite 
dimensional closed subspaces of X^j^ such that for every limit ordinal ^, Z^ =a and such that 
dim C{Z^) / S {Z^) = 1. In particular, each Z^ is an indecomposable space. 

Definition 5.60. Fix a limit ordinal 7 < wi. Let Xy be the family of minimal infinite intervals 
of 7, i.e., Xy = {[a,a-|-w) : a is a limit ordinal , a + uj < 7}. For each / S Xy, we choose 
a partition {Lj <^ I : J £ Xy} into infinite sets. Notice that since / = [a,a + lo) for some 
limit Q, all infinite sets Lj have order type uj. Now for each n G N we consider the vectors 
dn"^ = ea„ + ep^, where {a„}n and {/3n}n is the increasing enumeration of the sets Lj and X/ 
respectively. Finally, let Z.y be the closed linear span of (dn'^)/,jGJ^,neN- 

Theorem 5.61. £(Zy, Xi^J/5(Zy, X^^J = Jy^(A(7)) and dim C{Z^) / S{Z^) = 1, for a limit 
ordinal 7. 
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Proof. Notice that for every hmit ordinal a such that a+w < 7 we have that ^^l^'""'"'^)'!"'""'"'^) = 
l&an ^ where L\ = {an}n T- This together with the fact that gives that 2^ —q^ X-y 

(i.e, Tz, = A(7 + 1)) and hence C{2,X^,)/S{2,X^,) ^ J^„(A(7 + 1)W) ^ J^^(A(7)). 

Fix now a bounded operator T : 2(^ ^ 2(^. By Proposition 15.5^ there is D G I'(Xy,) such 
that T — D\2^ is strictly singular. The proof will finish by proving that is constant. We 
observe that given I < J G I-y, I = {an}n, J = {Pn} n increasing enumeration, we have that 
e*^^Tdm = e*p^Tdm for every n, m. So from Proposition 15.591 we obtain that for every pair 
I < J in I-y there is some Xjj such that T\2ij — Xijizj j.x^^^ is strictly singular, and this 
clearly implies that is constant. □ 

Remark 5.62. Notice that it is not possible to improve the previous result to a nonseparable 
subspace of X^^j, since every nonseparable reflexive space admits non trivial projections IT6l. 

5.6. Further results on Operators. 

Corollary 5.63. No closed linear span X of a transfinite block sequence of X^^j is isomorphic 
to finite cartesian power of a Banach space. 

Proof. This is so since C{X) admits a non trivial linear multiplicative functional. □ 

Recall the following facts about semi-Fredholm operators (see |13| . jl7j ) 

Proposition 5.64. Suppose that T : X ^ Y hounded such that TX is closed and a{T) < 00. 
Then there is some number £{T) > such that if S : X ^ Y is bounded and satisfying that 
for any Xi ^ X there is some x G Sxi with ||S'(x)|| < e, then T + S has closed range and 
a{T + S) < 00. 

Proof. Since KerT is finite dimensional, X = Xi © KerT. Let Ti = T\Xi. Notice that 
Ti\Xi = TXi = TX y is closed, and therefore Ti : Xi TXi is an isomorphism. Let 
e = e(T) = (l/2)||T-f ^ ||~^. Fix now S satisfying the condition about e. Suppose that T + S has 
a{T + S) = 00. Then, Ti + S\Xi has infinite dimensional kernel. □ 

Proposition 5.65. Suppose that T : X ^ Y is semi-Fredholm. 

1. Then there is some number e = £{T) > such that for all S : X ^ Y with \\S\\ < e, 
T + S is semi-Fredholm and i[T + S) = i{T). 

2. If a{T) finite, and S : X ^ Y is a strictly singular operator, then T-\-S is semi-Fredholm, 
a(T + 5) is finite and i{T + S) = i{T) . □ 

In the next results X denotes the closed linear span of a transfinite block sequence {xa)a<'y 

of Xuj:^ . 

Proposition 5.66. Suppose that D € ^{X) is such that inf{^z)(a) : a G A(7 + 1)^°^} > 0. 
Then D is a Fredholm operator with index 0, and hence it is an onto isomorphism. 

Proof. Let : A(7 + 1) ^ M be the unique continuous extension of Notice that the 
above inequality is equivalent to say that is never zero. In order to show that D is an 
onto isomorphism it is enough to show that DX is closed. If not, for every n we can find 
an block sequence X„ ^ X-y such that HZ^lXnH < 2~". Notice that for every n, D\Xn — 
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'^D(7n)^Js'„,x^ is strictly singular, where 7„ = max„{suppj; : x G {Xn)}. Now for all n, we can 
find a norm 1 normalized vector Xn G Xn such that \\Dxn — £,D{ln)xn\\ < 2^"', and hence 
|^D(7n)| < 2^~" for every n. Continuity of implies that there is some limit a < 7 such that 
(,d{c() = 0, a contradiction. □ 

Theorem 5.67. T € JC-{X) is Fredholm with index i{T) =0 iff it is semi-Fredholm. 

Proof. Suppose that T : X ^ X is Semi-Fredholm. Let us take the decomposition T = Dt+S. 
If a{T) is finite, then since S is strictly singular, by Proposition 15.651 (2) . Dt is semi-Fredholm 
with finite dimensional kernel and with the same index as T. This implies that is never zero 
(otherwise, the kernel is infinite dimensional), and hence Dt is indeed 1-1. Since for all a < 7, 
Xa G Dx^C-y, and DtX^/ is closed, we get that Dt is an onto isomorphism. Hence T is Fredholm 
with index 0. 

Suppose now that P(T) is finite. Let e > be given by Proposition 15.651 (1), and let A G 
(— e, e) \^t(A(7 + 1)). Notice that this is possible since ^r(A(7 + l)) is countable by the fact that 

'■ A(7 + 1) ^ M is continuous. Then T' = T — Xldx is Semi-Fredholm with the same index as 
T and £,t' is never zero. So, Dt' satisfies that ^u^, is never zero. By the previous Proposition 
15.661 Dt' is an isomorphism onto. Hence T' is Fredholm with index and i(T) = i(T') = 0. □ 

Corollary 5.68. X is not isomorphic to either a proper subspace of it, or to a non trivial 
quotient. 

Proof. Let Y ^ X. Suppose first that T : X — > y is an onto isomorphism. Then the 
composition U = iy^x o T : X — > X is a semi-Fredholm operator, with a{T) = 0. By Theorem 
15.671 U is indeed Fredholm with index 0, hence U is onto, i.e, X = UX = Y. 

Suppose now that T : X/Y ^ X is an onto isomorphism. Now the composition U = To Try : 
X — > X is semi-Fredholm and onto, where vry : X X/Y is the quotient mapping. Again U 
has to be Fredholm with index 0, hence U is 1-1, i.e., Y = KerU = {0}. □ 

Proposition 5.69. {v^Jn = ■ 

Proof. Fix a sequence of scalar s {bji)n- 

Let '^nVn S Jtq be of norm 1 such that 

\\^bnV2n\\j*^^ = i^bnV2n){J2"'^'"^'> = X]^"°^2n- (52) 

n n n n 

Since || fl2nin||To ~ II X/n *^2n^2n ||To — II X/n II-^Tq ~ 

1, it follows that ||X]n^«dlT* > 
(Z]n^riC)(En«2ntn) = &na2n = || En ^nt'L II • The Other inequality follows from the fact 
that {—V2n~i + V2n)n is equivalent to {tn)n (by Proposition 15. 3() . □ 

Proposition 5.70. There are X,Y ^ such that C{X)/S{X) = C{Y)/S{Y) = JJ;^ and 
such that C{X,Y)/S{X,Y) ^ T^. 

Proof. Let X = X^2, and let Y = Xa, where A = \J^[iL>{2n),uj{2n + 1)). The result follows 
from the fact that if T : X ^ y is a bounded operator, then necessarily ,^'j'/(w(2n)) = 0, for 
T' = iY,xoT = D + S. And C{X, Y)/S{X, F) = G J^, : ^{v2n+i) = 0} = ^^^Ij^ ^ T*. □ 

Proposition 5.71. Every T G C{Xujj^) is of the form T = Xld + R, where R has separable range. 
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Proof. We know that T = Dt + S with S strictly singular. Corollary 15.251 shows that S G 
co(wi). Since '■ A(u;i)('') M has the continuous extension property, there is some A € M and 
some ordinal a < ooi such that ^t(/3) = A for every [a,u;i). Hence — XI d has 

separable range. So T — Xld = {Dt — Xld) + 5 has separable range, as desired. □ 

Nonseparable spaces with this property of operators have been constructed before in [23], [2^ 
and |2H]- These constructions however give no control on separable subspaces. 

The following theorems summarize our results for the structure of X^-^ , its subspaces and the 
spaces of operators. 

Theorem 5.72. There exists a reflexive space with a transfinite basis {ea)a<uii such that 

(1) It does not contain an unconditional basic sequence. 

(2) It is arbitrarily distortable. 

(3) Xj and Xj are totally incomparable for disjoint infinite intervals I and J. 

(4) It isLOi hereditarily indecomposable (i.e., for every nonseparable X,Y ^ 3£a;i! dist{Sx, Sy) = 
0). 

(5) Every subspace X ^ X^-^ generated by a transfinite block sequence is, neither isomorphic to 
a proper subspace, nor to a non-trivial of its quotients. 

To each infinite dimensional subspace X of X^;-^ we assign a closed subset Tx of toi , called the 
critical set of X. The following theorem describes the interference of X and Tx- 

Theorem 5.73. For X,Y subspaces of Xi^-^ the following holds 

(1) IfY^X then Ty C Fx- 

(2) The subspaces X,Y are totally incomparable iff'Tx fl Ty = {0}. 

(3) The subspace X is hereditarily indecomposable ifJ#Tx = 2. 

(4) For every subspace X of Xi_j^ there exists Y generated by a block sequence {ya)a<'y such that 
Tx = Ty. 

Finally the structure of the spaces of operators is described by the next theorem. Recall that 
F^^ is the set of isolated ordinals of Fx • 

Theorem 5.74. (1) For every X ^ X^^, C{X,X^,) ^ Vr^iX^,) ® S{X,X^,) ^ ^^^(^x ) ® 
S{X,Xojj^). If in addition Tx is infinite, then £(X, = J^^{Tx) Xo^i). 

(2) For every X ^ Xu,-^ generated by a transfinite block sequence, C{X) = (F^^) © S{X). If 
in addition Tx is infinite, C{X) = J^^{Tx) © 'S{X). 

(3) For every 7 < cji there exists a subspace Y^ of Xi^^ such that C{Y^) = (Idy^) © S{Y^) and 
C{Yj, X^-^ ) = J^^^ (7) © S{Yy, Xijj-^ ) . 

6. Universal and smooth ^-functions 

In this section we present two new properties which a function can have. In this and in 
the subsequent section we show how these properties of g influence the corresponding space X^j-^ 
based on a p. 
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6.1. The construction of a universal £»-function. In this subsection we show how the con- 
struction of the function of jlHI can be adjusted in order to give us a function g : [wi]^ — > to 
with the following properties: 

1. f?(a,7) < max{Q{a, f3), g{(3,^)} for all a < /3 < 7 < ui. 

2. Q{a,(3) < max{^)(a, 7), 7)} for all a < /3 < 7 < tJi. 

3. {a < (3 : Q{a, f3) < n} is finite for all j3 < uji and n G N. 

4. {uji,q) is universal. 

To describe what we mean by "(wi, g) is universal" we need some more definitions. 

Definition 6.1. A finite fj-model is a model of the form (M, <, gM,PM) where M is a set, < is 
a total ordering on M, pM is an integer and gM '• [M]^ pM is a function with properties 1. 
and 2. listed above. We also assume that there exist x < y in M such that gM{x-,y) = Pm- 

Definition 6.2. Suppose that g : [A]^ uj satisfies 1., 2., and 3. above. For MCA, let 
Pm = max{^>(a,/3) : a,/3 E M}. Such an M is f)-closed if 

M = {a<\ : 3peM{a< pkg{a,p) < pm)}- 

We use the convention of g{a, a) = for all a. Note that for a ^?-closed subset M of A, 
(M, <, g\[M]'^ ,pm) is an example of a ^>-model. Note also that an initial part Mq of a ^-closed 
set M is a ^3-closed set and that its integer pmq might be smaller than pM- Similarly, an initial 
part of a f)- model is also a model with a possibly smaller integer pM- 

Definition 6.3. Two ^>-models {Mi, <i, gi,pi) and {M2, <2, 02,P2) are isomorphic if pi = p2 
and if there is order-isomorphism vr : (Mi,<i) (M2,<2) such that gi{a,b) = g2{Tr{a),7r{b)) 
for all a,b ^ Mi. 

Definition 6.4. A function g : [A]^ — > uj defined on some limit ordinal X < uJi and satisfying 1., 
2. and 3. is said to be universal if for every finite ^>-model (M, <, gM,PM), every ^-closed subset 
Mq of A such that (Mq, <, g\[MQ]'^ ,pMo) is isomorphic to an initial segment of (M, <, gM,PM), 
and every ordinal 5 such that 5 + uj < A, there is a ^-closed subset Mi 6 + uj such that 

5. (Mi,<,e|[Mi]2,pMj = (M,<,^M,m) 

6. Mq is an initial segment of Mi. 

7. Ml \Mo C [6,5 + uj). 

The existence of a universal g : [<^i]^ ^ a; is established by recursively constructing an 
increasing sequence gx : [A]^ uj (A S A). Let go = 0, and suppose gx : [X]'^ ^ uj has been 
determined for some countable limit ordinal A. Let C be a subset of A of order-type uj such that 
A = sup C. Define 

£'A+cj(a,A) = max{#(Cna),£)A(a,min(C\a)),£)A(C,a) : CeCCia}. 

It can be checked (see e.g. [1^1 ) that this defines a function gx+uj : [A + 1]^ — > w satisfying 
the conditions 1., 2. and 3. Starting with this extension of gx and the assumption that gx is 
universal we build extensions ^^a+o; ■ [S]'^ ^ uj {X + 1 < 6 < X + uj) in such a way that at a 
given stage 5 we take care about a particular instance of universality of gx+L^- Thus, modulo 
some book keeping device, it suffices to show how one deals with the following task: We have 
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already defined an extension ^a+uj • ['^]^ ^ we are given a finite ^-model (M, <, qm,Pm) and 
a £>-closed subset M of 6 such that {Mq, <, gx+uill'mo]'^ iPMo) is isomorphic to a proper initial 
segment of (M, <, qm,Pm)- Let I = i^M — #Mq and extend Qx+ui from [(5]^ to + as follows: 
First of all define Q\+uj on 

[MoU[d,S + l)]^\[Mo]^ 
in such a way that we have the isomorphism 

(Mo U[6,d + I), <, qx+uj,Pm) = (M, <, qm,Pm)- 

Thus, it remains to define Q{a,'y) foi a & 6 \ Mq and 7 € (5, 5 + If a < 5 and a > maxMo, 
then set 

g{a, 7) = max{pM + 1, Q{a, S - 1), g{i, a) : ^ € Mq}. 
If a < maxMo, then set 

g{a, 7) = max{^(Q;, min(Mo \ a)), g{^, a) : ^ E Mq fl a}. 

It remains to show that ^a+wII*^ + Z]^ satisfies the properties 1. and 2. So let a < /? < 7 < 

6 + I he given. Wc simplify the notation by writing af3 instead of g{a,P), (rj V a/? instead 

max{^j(^, r/), g{a,(3)}, and 5~ in place of 5 — 1. 

Case 1. a<S<(3<'j<5 + l. IfaG Mq, then properties 1. and 2. for a < /? < 7 follow from 
the fact that in the definitions of a/3, P'j and 07 we have copied the ^-model {M,<, gM,PM) 
which satisfies 1. and 2. 

If a ^ Mo, then in both the case a > maxMo and a < max Mo we conclude that aP = aj, 
so 1. and 2. for a < /3 < 7 follow immediately. 

Case 2. a<l3<5<^<5 + l. Subcase 2.1. maxMo < 5 < [3. Consider first the inequality 
Q!7 < af3 V (3^. The quantities pM + 1 and € M) from the definition of are all present 

in the definition of /37, so it remains only to show that the quantity a5^ is bounded by afi V (5'^. 
Applying 1. for g\+u,\[5f we get 

a5~ < al3W I36~, 

and so we are done as l36~ shows up in the definition of Pj. Consider now the inequality 
aP < ajV P^. Applying 2. for ^;^+t^|[(5]^ to the triple a < P < S~ we get 

aP < a6' y P5~ , 

so we are done also in this case since the quantity on the right-hand side is bounded by 07 V P^. 
Subcase 2.2. a < maxMg < P < 6. Consider first the subcase when a € Mq. To see that 

07 < ceP V P'y observe that 07 < pM < Pm + 1 < Pi- To see that aP < a7 V /?7 observe that 
aP appear as a quantity int the definition of Pj. Let us consider the case a ^ Mo and let 

a' = min(Mo \ a). 

The quantity aa' from the definition of 0:7 is bounded by aP V Pj since by 2. for we 
have that 

aa' < aP V a'P, 
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and a'P appears in the definition of P'j. Since tfic quantities G Mq f] a ) appear also in 

the definition of P'j, this estabhshes the inequahty 07 < a/3 V /37. Consider now the inequahty 
«/5 < 07 V P^. Apply 1. of £iA+w|[<^]^ to a < a' < P and get 

aP < ad V a'/3, 

and this finishes the proof since aoi < 07 and a' [3 < (3^. 

Subcase 2.3. a < /3maxMo. If a,/? G Mq, then the inequalities 1. and 2. for a < /3 < 7 follow 
from the fact that in the definitions of a/3, and 07 we copied the ^-model (M, <, qm^Pm)- 
Subcase 2.3.1 a G Mq and P ^ Mq. Consider the inequality 07 < a/? V P^. This follows from 
the fact that 

"7 < PM < PP', where P' = min(Mo \ P) 

and the fact that in the definition of Pj the quantity PP' appears. The inequality aP < ajV Pj 
in this subcase follows from the fact that the quantity a/3 appears in the definition of P^. 
Subcase 2.3.2 a ^ Mq and P G Mq. Consider the inequality < apy Pj. Let 

a' = min(Mo \ a). 

We need to bound the quantities aa' and ^a G Mq n a) by a/3 V P^. Apply 2. of ^ia+w|[^]^ 
to a < a' < P and get 

aa' <ap\J a'p. 

Since a' P < pM and aa' > pM we conclude that aa' < aP as required. Similarly note that 

^a < ^py aP = aP, 

since ^P < pm while a/3 > pM- It remains to check the inequality a/3 < ajV Pj in this subcase. 
As before note that 

a/3 < aa' V a'P, 

and that a/3 > a'P since a'/3 < pM while a/3 > pM- It follows that a/3 < aa' < aj as required. 
Subcase 2.3.3 aP ^ Mq (and a,P < maxMo). So in this subcase both quantities a7 and Pj are 
defined according to the second definition. Let 

a' = min(Mo \ a) and P' = min(Mo \ /3). 

Note that a' < P' . We first check the inequality aj < aP\/ P^. Consider first the quantity aa' 
that appears in the definition of a7. If a' = P', then 

aa' <apy PP' <apy p-/, 

as PP' appears in the definition of Pj. Suppose that a' < P' i.e., that a' < p. Then 

aa' < aPV a' < apy Pj 

as a'P appears as a quantity in the definition of P^. Consider the quantity ^a for ^ G Mq fl a. 
Note that 

^a < a/3 V ^/3 < a/3 V p-f, 
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as ^,(3 appears in the definition of [3^. It remains to check the inequahty af3 < 07 V in this 
subcase. If a' = (3' , then we get that 

a(3 < al3' V 13(5' <a-fy p-f, 

as the quantity af3' = aa' appears in 07 while (313' appears in P^. If a' < i.e., a' < P < /?', 
then we get that 

q/3 < aa' V a'P < 07 V Pj, 

since aa' appears in 0:7 and a'P appears in P'j. This finishes checking that the extension 
+ satisfies the conditions 1. 2. and 3. Note that 

g{a, 7) > pm for all a G 5 \ Mq and 7 G [(5, (5 + /), 

we conclude that the set Mq U[d,5 + 1) is ^?A+a;-closed. So the extension ^?A+a;| ^ + has a set 

Ml = Mo U [(5,(5 + 1) C 5 + /, 

which is £)A+w-closed while the corresponding model (Mi, <, Qx+uj\[Mi]'^ ,pm) is isomorphic to the 
given ^3- model (M, <, qm^Pm)- This finishes the recursive construction of a universal function 
g : [oJi\^ —>■ io. The reader is referred to J26^ for more on ^>-functions and their uses. Some of the 
applications need the following unboundedness property, stronger than 3. 

3'. For every n < lo and infinite M C u;i there exist a < P in M such that Q{a, P) > n. 

As there is no reason to suspect that the universal g : [uji]'^ uj just produced satisfies 3'. we 
offer the following derived function g : [toi]'^ lu: 

g{a, P) = max{g{a, P), #({^ < a : g{S,, a) < g{a, /?)})}• 

It may be checked that g has the properties 1., 2. and 3'. 

6.2. A smooth ^j-function. We construct a ^3-function such that the corresponding coding ag 
yields that has a Schauder basis for every ^ < cji. These bases will be a reordering of the 
transfinite basis {ea)a<s, i^i order type uj. 

For a given fj- function and an ordinal a < toi, let Ff^ = {P < a : g{P,a) < n}, which are 
n-closed. 

Definition 6.5. A £i-function is called smooth if for every limit ordinal X < uji, the numerical 
sequence {#F^/n)n is bounded. 

Proposition 6.6. There exists a smooth g-function. 

Proof. Let us show that such smooth ^3-function exists. The definition will be again inductive, 
i.e., for each limit ordinal A we are going to define gx : [A]^ uj. Suppose we have defined gx, 
and set 

gx+ijj{a,\) = m.ayi{gx{#{Cxr\a)),gx{a,va:m.{Cx\a)),gx{i,a) : ^ G Ca n a} (53) 

where ^a ^ N ^ N is increasing and Cx is cofinal in A and they are defined as follows: For a 
given a < A, let ^(q;) = #Ca fl a. Suppose we have constructed gx such that for all limit 7 < A 
with the smooth property lim„^oo i^F^/n = 0. There are two cases. 
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(a) Suppose that A = 7 + a; is a successor limit. For each integer i, let gx{i) = 2* and Cx = 
{7 + n}n- Notice that for a < A, if g{a, A) < n, then either a < 7 and a e Fn or ii a = j + I, 
then since i{a) = #Ca n a = Z + 1, we have that I < log2(n). So, < #Fj + 1 + log2 n, 
which certainly implies that ^F^/n — 0. 

(b) Suppose that A is a limit of limit ordinals. Let Cx = {Xn}n Q ^ cofinal in A, with each A„ a 
limit ordinal. Let {ni)i be a strictly increasing sequence of integers such that 

#F„^Vn + • • • + #F^^/n < 2-* (54) 

for every i and every n > n^- Let gxii) = i^i for all i. Fix e > 0, and let j be such that 1/2^ < e. 
We show that for all n > nj, ^F^/n < e: Fix n > nj, and let io be the maximal integer such 
that rij < < n. Notice that then 

C {a < A : i{a) < iq and a G F^''"'} = F^° U ■ ■ ■ U Fn° • (55) 

So, #F^/n < #F^o /n + ■ ■ ■ + #Fn° /n < 2''° < 2'^ < e. □ 

Lemma 6.7. Let G be a p-closed set, and let (f> = (l/iy(^*)) i?!*? E K be of odd weight 
w{4>) < P, o-nd such that supp<;ii) fl G 7^ 0. // defined, set 

di =max{z G : w{^i) < p} and do = max;{z < di : supp$j fl G 7^ 0}, 

Then 

(1) (l/^C"?^)) Sf=i has support contained in G, where a = max(supp$dp H G). 

(2) supp(/)i n G = for every d^ < i < di. 

(3) w{(j)i) > p for every d\ < i < d. 

Proof. If di is not well defined, then for all k < d, w{(j)k) > P- If di is well defined, but do is 
not, then for all k < di we have that suppcpk H G = 0. Suppose that both are well defined. 

Finally, since p > w(<^rfj > max {p^ (IJ. £^ supp^j), ti; ((/>») } and U,.£^ supp fl (a + 1) C G 
(G is p-closed), it follows that the support of {l/w{(j))) Yli=i ^ili^^ o:] is included in G. □ 

Lemma 6.8. Let G <^ loi be p-closed. Then for all (p G Ki_^-^ there are some fo and f\ such that 

1. supp /o, supp /i C G, /o + /i = ^|G 

2. ll/olU < I/P, 

3. /i G 2Kij^{G), where Ki^^{G) is the subset of K^^ consisting on the functionals (f) with 
support contained in G. 

Proof. Let {4>t)t£T be a tree-analysis of 4>. Let 

To ={t G T : there is some u ^ t with w{(j)u) ^ p} and Ti = T \ Tq. 

Notice that Ti is a downwards closed subtree of T, and hence for a given t G 71, the set Sj of 
immediate successor of t in 7i is exactly equal to Sj = StHTi. If Ti = 0, then (po = cp has to 
be of type I and w{(f)o) > p. In this case, let fo = <P and /i = 0, that clearly satisfies what we 
want. Suppose now that 71 7^ 0. We are going to find for alH G 71, /q, fl such that 

1. supp supp /{ C G, /* + /* = cP\G 

2. Il/^lloo < 1/p, 

3. /* G2i^^,. 
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It is clear that the pair /o = /q , /i = satisfies our requirements. The proof goes by downwards 
induction over t G Ti on the tree 71. Suppose that t G Ti is a terminal node of Ti. 

(1) li t is terminal node of T, then we set /q = and fl = (j)t if supp cpt C G, and /q = /i = 
otherwise. 

(2) If t is not terminal node of T, then this means that for all s € St, (j)s is of type I and 
w{cPs)>p. Set /* = (/-ilG, /* = 0. 

Suppose now that i G 71 is not terminal in Ti. Clearly this implies that t is not terminal in 
T. There are three cases: Case 1. (pt is of type II, (pt = J2seSt ^s</'s- Then we set 

sesl seSi\Ti ses^ 

Since for s G 5^, s ^ 71 iff 0s is of type I and w{(l)s) > p, this gives that ||/ol|oo < The rest 
our inductive promises for /q and fl are clearly satisfied. 
Case 2. (pt is of type I, and w{(j)t) is even. We set 

w{<P,) ^^^^^ 

The condition ||/q||oo ^ 1/p is satisfied by the same reason as in the previous case. 
Case 3. 4>t is of type I, and w{(l)t) is odd, (pt = {l/w{(l)t)) Ya=i ^s,, where {si,...,Sd} = St- Find 
do < di < d as in the previous Lemma 16.71 If di is not well defined, this implies that w{(j)s) > P 
for every s £ St- Then = and we set /q = (/'tIG and /* = 0. Suppose that di is well defined 
but do is not. This means that supp(/)fc n G = for every k < di. Then we set 

Suppose now that both do and di are well defined, then we set 

where a = m.ayi{supp (pdQ H G). Notice that ^/w{4>t){Yli=i '/'ilPjCt]) ^ -^a.)i(G'). Therefore, using 
the induction hypothesis we conclude that /* G 2K^^ . □ 

Lemma 6.9. Assume that X^-^ is built upon a smooth g-function and fix a limit ordinal X < uji. 
Then the projections {Pp\)n are uniformly hounded by 2 + D\, where D\ = sup„ #F^/n < oo. 

Proof. Fix a limit ordinal A, let x G be of norm 1, and <j) G -RT^^.Take the decomposition 
4> = fo + fl from the previous Lemma applied to the n-closed set F^. Then, 

\cj)Pp,x\ = \{fo,PF>^x) + (/i,P^Ax)| < ^ + KfuPp^x)] <Dx + lifuPp^x)]. (56) 

Now using that /i G 2K^-^ (F^), we can write /i = J2i ^i4>i, J2i < 2, Aj > 0, and (pi G K^-^ [F^). 
Therefore, {(pi^Ppxx) = {(j)i,x) < 1. So, \{fi, Pp\x) \ < 2, and we are done. □ 



Let = Ppx. Notice that Q^Q^ = 



min{n,m} ' 
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Theorem 6.10. For every x G X\, lim„_>cxD Qni^) = ^• 

Proof. Let us show that for all limit (3 < X and all x € Xp, lim„_>oo Ppxx = x. The proof is 
by the induction over the set of limit ordinals < A. Fix x G X^. 

(a) P = Lo. We know that lim„^oc PnX = x. Fix e > 0, and let no be such that for all n > no, 
\\x — Pnx\\ < e/(3 + Dx). Let ni > no be such that for all n > ni, [0, no] C F^. Hence 
\\x — Ppxx\\ < \\x — PnoX\\ + ||PpA(a; — -Pno^^)!! < (1 + II-Pf^ IDII^; ~ -Pno^^ll < ^ for every n > ni. 

(b) P = J + u!. Then, x = y + z, where y E Xj, and z G X^^^^^^y By the induction hypothesis, 
lim„_»oo -PpAt/ = y. Now use the projections {P^J^^_^.n))n to approximate z and follow the ideas 
of the case (3 = u. 

(c) (3 is limit of limit ordinals. Fix a strictly increasing sequence (/9n)n with limit (3, and let 
Xn = -f/3n^- We know that lim^^ooa^n = x. Fix e > 0, and let no be such that \\x — Xn^W < 
£/2(3 + Dx). Let ni > no be such that \\xno — PpxXno \\ < e/2 for all n > ni, that we know that 
it is possible by the induction hypothesis since Xno G . Then for all n > ni, 

\\x PpxX^ II ^11^7 Xyiq II ~1~ 1 1 3^720 '^F^ X^iQ II ~t~ II -PpA II ||x XyiQ II ^ 
+ Dx)\\x - XnoW + \\Xno - ^F^aJnoll < ^■ 

□ 

Corollary 6.11. The space Xa has a Schauder basis for every ordinal ct < uji. Moreover, for 
every a < ui there exists a reordering {ep^)n of {ei})p<a such that {eii^)n is a Schauder basis of 
the space Xa- 

Proof. It is enough to show the result for a limit ordinal A. By the previous Theorem, the 
projections (Q^Jn define a finite dimensional Schauder decomposition of Xx- Notice that the 
natural ordering on A defined by 



a <A /3 iff 



Q{a, A) < q{(3, A) or 

Q{a, A) = ^(/?, A) and a < (3 



has order type uj. Let {A„}„ be an enumeration of (A, <x) in order type oj, and let us show that 
{xn = ex^)n is a basis of Xx- Let {Rn)n be the projections i?„ : Xx ^ Xx associated to {xn)n- 
For a given k, let n^ = ^(A^, A). Then, Rk = Qn^-i + P\k ° (Quk - Qn^-i)- ^^^^ clearly shows 
that {xn)n is a Schauder basis oi Xx- □ 

Remark 6.12. It is unclear whether there is a variation on g such that some of the resulting 
spaces Xx (A < wi) do not admit Schauder basis. 

7. Universality of g and nearly subsymmetric bases 

Throughout this section we assume that the coding is based on an universal g function 
discussed in the previous section. 

Remark 7.1. For the sequel we need a slight modification of the definition of special sequences. 
More precisely, we assume that for each {(f)i,wi,pi, . . . ,4'n2j+ij'^n2j+ijPn2j+i) every pi satisfies 
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the additional property that for all I < i, (pi admits a tree-analysis with supports in the set 



Gi= [J supp (pk ■ 

k=l 

Note that the definition of the special functionals and the fact that K^^-^ is rationally closed does 
not allow one to conclude that every functional 4> £ admits a tree-analysis {(j)t)teT such 
that for every t G T, supp (j)t C supp (j). However there will always be large enough p such that 
supp(/) contains a tree-analysis of 0. This follows from the fact that there is a tree-analysis 
[4>t)teT of (j) such that max IJ^^-j- supp = max0. 

Definition 7.2. For a given p, and a subset G '^loi let 

Kp{G) = {(j) & K : (j) has some tree-analysis {(l)t)t€T such that S Tsuppcpt ^ G and 

if (pt has type I, then w{(j)t) < p}- 

We will call such tree-analysis T = {(j)t)t£T of (/) G Kp{G) a {p, G) -tree-analysis of (j). Notice that 
if ^ = is a (p, G)-tree-analysis of 0, then for all interval ((l)t\E)t^T is a (p, G)-tree-analysis of 

Proposition 7.3. Suppose that G,G' C ui are p-complete, and (Q-)isomorphic (see Definition 
\6.S\) . Then the unique order preserving mapping vr : G — > G' defines a bijection 

^ : Kp{G) ^ Kp{G') 

such that for every a & G vr(e*) = e^, preserves (p,G) -tree- analysis in Kp[G) and weights. 
Proof. The proof is an easy use of downwards induction over a (p, G)-tree-analysis. □ 
Using the properties of our new coding we can improve Lemma IH.HI as follows. 

Lemma 7.4. Let G coi be p-closed. Then for all (j) € Ki_j^ there are some /o and fi such that 

1. supp /o, supp /i C G, /o + /i = 0|G, 

2. Il/olloo < l/p, and 

3. fiG2Kp{G). 

Proof. The Proof follows exactly the same steps than the proof of Lemma 16.81 with the ex- 
ception that the inductive premise 3. supp f I £ 2Ki^^{G) now is replaced by f\ G 2Kp{G). To 
check that one can find the corresponding decomposition when one deals with the case of odd 
weight, we notice that the premise 3. will be fulfilled since the new coding will guarantee 
that in Lemma 1^771 the corresponding {^/w{4)))^'l^^(l)i\[Q,a\ E Kp{G). □ 

Definition 7.5. A transfinite basis {ea)a<'y is said to be C-nearly subsymmetric if for every 
e > and for every family of finite successive subsets {Fi}f^^ of 7 and every family of 
successive infinite intervals there exists {Gi}f^i with Gi li, i^Gi = such that the natural 
isomorphism T : {{ea)a^\jd ^p^) — > ((e/3)^gyd ^q^) satisfies ||r|| • HT^-*-!! <G + e. 

The purpose of this section is to prove the following result. 

Theorem 7.6. The transfinite basis {ea)a<uji is 4:-nearly subsymmetric. 
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Proof. We want to show that for every sequence of finite sets Fi < F2 < ■ ■ ■ < Fn, infinite 

intervals Ii < I2 1^ ■ ■ ■ ^ In (with possible repetitions) and e > 0, there is some Gi < G2 < 

■ ■ ■ < Gn such that 

(a) Gi(l li, i = 1,. . . ,n, 

(h) #Fi = #Gi,i = l,...,n, 

(c) The natural isomorphism T between Xp and satisfies that ||r||, HT^"*^!! < 2 + e, where 
= {ea)aGF and Xq = {ea)a&G and T is defined for a € F and [3 £ G such that T{ea) = ep 
satisfies that a ^ j3 \s order preserving and onto, and F = |jr=i ^ ~ UiLi ^i- 

Let p > max{pg(|J"^-^ Fi), ^F/e}, and let F = . For each i = 1, . . . , n, let = maxFj + 1, 
and let Fl = G H ai. Notice that 

(1) Fi C F/ for every i = 1, . . . , n, 

(2) each F/ is a p-closed set for z = 1, . . . , n, and 

(3) F- is an initial segment of Fj for i < j < n. 

By the universality of g, there is some G'^ C Ii which is ^(-isomorphic to F{. Since (F2,< 
,£>|[F^]2,p) and {Fi,' , <, q\[F{]^ ,p) are £>-models, F{ is an initial segment of F2, and (F{,< 
, g\[F[]'^,p) = {G[, <, q\[G[]'^,p), the universality of g gives a set -ff 2 ^ -^2 \ G'^ such that G'^ = 
G'l U H2 satisfies that 
(1) G2 is p-closed, and 
{2){G'2,<,g\[G'2]\p)^{F^,<,gm]\p). 

And so on. At the end we get n many g models (G-, <, g\ [G'j]'^,p) for i = 1, . . . , n such that 

(1) For i < j < n, G[ is an initial segment of G'j, 

(2) G[ \ G[_-y C /i, for i = 2, . . . , n, and G[ C Ii, 

(3) (G^, <, gm\p) = {Fi <, g\[Fl]^p) for i = 1, . . . , n. ^ 

Therefore G = G'^ satisfies that {G,<, g\[G']'^ ,p) = {F, <, g^F']"^ ,p). Let vr be the isomor- 
phism between them, and for each z = 1, . . . , n, let Gj = vrFj. Let us show that T : Xp Xg 
satisfies what we wanted: Fix one vector x = '^ZieF such that = 1. Take (j) £ K such that 
(f)x = 1. Then take the decomposition of (p = fo+ fi as in previous Lemma f7.4l Using Proposition 
17.31 we can take a copy gi of /i in 2Kp(G). Since 1 = cpx = |/o2;+/ia;| < \ fox\+N/p < \giTx\+e, 
\giTx\ > 1 — e. This implies that there is some V G Kp{G) such that \iIjTx\ > (1 — e)/2. So, 
||Fx|| > (1 -e)/2. 

Now suppose that \\Tx\\ > 2 + e. Then, let € X be such that (pTx > 2 + e. Take the 
decomposition </> = go + 5i as in the previous Lemma 17.41 now in Kp{G). This implies that 
giTx > 2, and hence, there is some ^ E Kp{G) such that TpTx > 1. Hence, the copy (p oi ip in 
Kp{p) is such that (px = ipTx > 1, a contradiction. So, ||T|| <2 + e and ||F~^|| < 2/(1 — e) < 
2 + e. □ 

Definition 7.7. Recall the following (modified) notion from ^5]. Let X be a Banach space 
with a Schauder basis {un)m fix n G N and C > 1. A finite n-dimensional space E with a basis 
(ej)"^]^ is called a C-asymptotic space of X iff 

sup inf sup... inf db{{xi, . . . ,Xn), E) < G, (57) 
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where dj, = \\T\\ ■ Hr^-*^!! for T : {xi, . . . ,Xn) E to he the natural isomorphism defined by 
r(xj) = ej, and Xi runs over ah tail subspaces, i.e, Xi = {ui)i^k for some k. A space Y 
with a monotone basis {yn)n is called a C -asymptotic version of X iff for every n, is an 

asymptotic space of X. 

Corollary 7.8. There exists a family {X^}^^i^-^ of reflexive totally incomparable hereditarily 
indecomposable spaces with Schauder bases such that X^ is an asymptotic version of X^i for 
every 7, 7' < wi. □ 

Definition 7.9. Two transfinite basis {xa)a<-yo of Xq and {xa)a<'yi of Xi are called finitely 
equivalent iff there is some constant C > such that for all finite set Fq C 70 there is some finite 
set Fi C 7x with the same cardinality such that {xa)a€Fo and {ya)a&Fx are C-equivalent. 

Remark 7.10. There are finitely equivalent subspaces of which are incomparable. 

Remark 7.11. Using the fact that q is universal it can be shown that for any bounded T : X^-^ — 
^(.Ji) II^tII ^ 4||r||. The proof goes as follows. We assume that ||r|| = 1. Fix a normalized 
finitely supported vector x; let x = xi + ■ ■ ■ + a;„ be its decomposition in and e > 0. Let 
Fi = suppxj for each i = 1, . . . , n, and consider infinite intervals Ii < I2 ^ ■ ■ ■ In uoi such 
that \\DT{y) — T{y)\\ < e\\y\\ for every y € X/^u - u/„- By Theorem 17.61 we can find for every 
i = 1, . . . ,n Gi li such that i^Gi = H^Fi and the order isomorphism between F = IJiLi -^i and 
G = UiLi defines an isomorphism H between {ea)aeF and {ea)a€G with ||i^||, H-ff^"*^!! < 2 + e. 
Set y = F{x) and then ||y|| <2 + e and ||(T — DT){y) < e||. Since H{Dt{x)) = Dxiy) we have 
that \\Dt{x)\\ < {2 + e)\\DT{y)\\. So, 

\\Dt{x)\\ < {2 + e)\\DT{y)\\ < {2 + e){\\DT{y) - T{y)\\ + \\Ty\\) < (2 + e)e + {2 + ef\\T\\. (58) 
8. Tree- ANALYSIS of function als: Basic inequality and Finite interval 

REPRESENTABILITY OF Jtq 

The goal of this section is to prove the basic inequality (Lemma 14. 4() and show the finite 
interval representability of the James- like space Jtq in (Theorem 15. 9() . Reaching these two 
goals involve similar sort of problems and for this reason we introduce a general theory applicable 
to both cases and hopefully to many other cases to come. 

8.1. General theory. The theory deals with a block sequence of vectors {xk)^^i, sl sequence 
of scalars {bk)^=i, and a functional / S K^jn and tries to estimate |/(X]fc=i terms 
of [^(X^fe^i fefcCfc)! for an appropriately chosen functional g of an auxiliary Tsirelson-like space 
X with basis (ej)i. The natural approach is to start with a tree-analysis {ft)teT of /, and 
try to replace the functional ft at each node t £ T by a functional gt in the norming set of 
the auxiliary space, and in doing this try to copy, as much as possible, the given tree-analysis 
{ft)t€T- Not all nodes t & T have the same importance in this process. It turns out that the 
crucial replacements ft gt are made for t belonging to some sets A Q T such that {ft)t&A is 
in some sense responsible for the estimation of the action of the whole functional / on each of 
the vectors x^. These are the maximal antichains of T defined below. Observe that some of 
the replacements ft 1— > gt are necessary before this procedure has a chance to work. Suppose for 
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example the replacements are made in an auxiliary mixed Tsirelson space X where a particular 
(m~^, njo)-operation is not allowed. Then, every time we find a node t E T such that the 
corresponding ft has weight = mj^ the replacement gt has to be something avoiding this 

operation, i.e., we cannot put the combination gt = {^/w{ft))YlseSt 9s- These sorts of nodes 
are the ones that we call "catchers" below, because their own tree-analysis (/s)s^t cannot be 
taken into account. 

8.1.1. Antichains and arrays of antichains. Recall that every / G K^-^ has a trcc-analysis {ft)t&T 
such that: For every t G T (a) if u ^ i, then ran/„ C ran/^, and (b) if ft is of type I, then 

ft = {l/w{ft))Y.sesJs- 

Recall that A C. T is called an antichain if for every t t' G A, neither t < t' nor t' < t. 
Given t, t' G T, we define t At' = max{?; e T : v ^t, t'}. Notice that ^ C T is an antichain iff 
tAt'^t,t' for every tj^t'eT. 

Definition 8.1. Fix a tree-analysis {ft)teT of / as above. Given a finitely supported vector x, 

a set ^ C T is called a regular antichain for x and {ft)teT if 

(a.l) for every t e A, ft is not of type II, 

(a.2) ftiAt2 is of type II for every ti 7^ ^2 G A, and 

(a.3) ran ft H ranx 7^ 0, for every t & A. 

yl is a maximal antichain for x if in addition A satisfies 
(a. 4) for every t G T if supp/j fl ranx 7^ 0, then there is some u E A comparable with t. 

Let (xfe)^^j be a block sequence, and let A. = {Ak)^^i be such that each ,4^ is a regular 
antichain for the vector Xk and the tree-analysis {ft)teT- For a given t G T, we define 

Df = e [1, n] : u G A}, = Df\{[j Of). 

u^t seSt 

Whenever there is no possible confusion we simply write Dt and Et to denote and 

respectively. 

A = {Ak)^_^ is called a (m.aximal) regular array for {xk)'^=i and {ft)te'T if each Ak is a 
(maximal) regular antichain for x^ and ift)teT, and in addition 

(a. 5) for every t e IJf^Ak such that ft is of type I, either t is a catcher, i.e., Dg = $ for every 
s G St, or for every k G Et, t is a splitter of Xk, i.e., for every k E Et there are at least si 7^ S2 G St 
such that ran/s- fl ranxk 7^ 0. 

We denote by S(,4.) and C(,4.) the set of splitter nodes and catcher nodes of A, respectively. 
Notice that if ti G Ak^ {i = 1,2) are catcher nodes, then they are incomparable, and that 
Ak = SiA)UC{A). 

Note that if no ft {t G T) is of type II then i^Ak < 1 for all k, and so the tree-analysis below 
becomes much simpler. 

Definition 8.2. (The functor A{x, C).) Given a block vector x and C C T consisting of nodes 
of type I, let A{x, C) be the set of nodes t G T such that 
(A.l) ft is not of type II, 
(A.2) ran ft fl ranx 7^ 0, 

(A.3) for every s ^ i if s G 5^ and /„ is of type I, then for every s' G S'u\{s}, ran/s/flranx = 0, 
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(A. 4) if ft is of type I and t ^ C, then t is a splitter of x. 
(A. 5) for every u ^t, u ^ C. 

Proposition 8.3. A = A{x, C) is a maximal regular antichain such that {t G A \ C : 
ft of type 1} C S(^). Moreover, if (a;^)^^^ is a block sequence, then the corresponding A. = 
(v4(xfc, C))^^^ is a maximal regular array such that 

(a) {t G Ufc A \ C : ft of type 1} CS{A), and 

(b) C C C(^) and for every t & C, Et is an interval of integers. 

Proof. Fix t ^ t' ^ Ak- ft At' being of type II follows from the facts that li u ^ t, then n ^ C, 
by (A. 5), hence if /„ is of type I, then (A. 3) implies that u is not splitter of x. We show the 
maximality of A: Fix t € T such that supp/j n ranx 7^ 0. Let to ^ ^ be such that ft^ is of 
type and supp/tg C laxiWk, and set b = [0,to] = {v E T : v ^ to} which is a ^-well ordered 
set and t E b. We distinguish two cases: Suppose first that 6 fl C = 0. Let uq = mm{u G b : 
V satisfies (A.l), (A. 4)}- Notice that uq exists since to satisfies (A.l) and (A. 4)- The minimality 
of Mo shows that uq satisfies (A. 3), hence uq G A. Suppose now that 6 n C 7^ 0, and set 
vq = minftn C. It is not difficult to show that uq = max{n :< vq : u satisfies (A.l), (A. 4)} is in 
A (notice that vo satisfies (A.l) and (A. 4), hence uo is well defined.) 

Repeating this procedure for each vector in a given a block sequence {xk)^^i, one gets that 
the array {A{xk,C))'^^i is maximal and regular. Finally suppose that t G C and suppose that 
ki <k2 < ks with ki,ks G Et. It is routine to check that t satisfies (A1)-(A.5) for x^j, hence it 
follows that k2 & Et. □ 

Proposition 8.4. Suppose that A. = {Ak)k=i regular array for a block sequence {xk)^^i 
and {ft)t&r- Then: 

(h.O) If t E Ak is a splitter or if ft is of type 0, then supp/j nranx^ 7^ 0. 

(h.l) If ft is of type I, then {Ds}s&St U {{^} ■ ^ ^ -^t} ^ block family, and if t is a splitter, 
then #Et <#St-l. 

Suppose that in addition A= {Ak)k=i m,axim,al for (.t^)^^^. 
(b.2) Let t G Ak, u ^ s < t with fu of type I, and s E St. Then for every s' E Su\ {s} 
ran/5/ n ranxfc = 0. 

(b.3) Suppose that ft is of type II, k E Dt and s E St. If supp ft Pi lanxk 7^ 0, then k E Dg. 

Proof. (b.O): If ft is of type 0, the conclusion is clear. If t is a splitter, let si 7^ S2 G St be 
such that fsi < fs2 and ran/^j n ranx^jran/^j flranxfc 7^ 0. Then maxsupp/sj G ranx^. 

(b.l): For the first part, if t is a catcher, there is nothing to prove, so we assume t is a splitter. 
First we show that {Ds}seSt^{{k} '■ k G Et} is a disjoint family. U k e Et^Dg for some s e St, 
then there is some u y s with u G Ak- But t G Ak and t ^ u, a contradiction. Suppose that 
k Dg D Dgi with s 7^ s' G St. Then there are u,u' G Ak such that u ^ s, u' ^ s'. Hence 
uAu' = t but ft is of type I, contradicting (a.2). For the second part, suppose that fci < ^2 < k^ 
are such that ki, ks G Dg for some s G St- This implies that ranx^j nran/<j, ranx^g nran/<j 7^ 0, 
and hence ranx^j C ran/^. This implies that ranx^j fl ran/^/ = for every s' E St \ {s}. Since 
t is a splitter, ^2 ^ Et, and, by (a.S), k2 ^ D^i for every s' <E St\ {s}. 

Let St = {si < • • • < Sd} be ordered such that fg. < fg. whenever i < j. For k G Et, 
the set Hk = {i G : ranx^ nran/g. 7^ 0} has at least two elements. We claim that the 
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mapping k i-^ maxiJ^ G {2, ci} is one-to-one. To see this note that for k < k' we obtain that 
n Hk' = {maxiJfc} if maxiJ^ = maxiJ^', and < Hk' otherwise. 

(b.2): Fix s' G S't\{s}, and suppose that ran /g/ fl ran 7^ 0. Since ran/sflranxfe 7^ 0, we get 
that supp/g/ n ranxfe 7^ 0. By the maximaUty of Ak, there is t' G Ak comparable with s'. Since 
Ak is an antichain, we get that t' s' , and hence t At' = u. But /„ is of type I, a contradiction. 

(b.3): This follows using (a. 4), and (a.l), (a. 2). □ 

8.1.2. Assignments, filtrations, and their relationships. 

Definition 8.5. Given a block sequence {xk)'^^i, and a regular array A.= {Ak)k=i ^ot {xk)1^i, 
a sequence {g'^f)teAk,k ^ coo(N) is called a A.-assignment provided that supp^fe,* ^ {^} for 
every k and t G Ak- The property (b.l) ensures that every w4-assignment {g'^i)teAk.k naturally 
filters down to the whole tree {G'^^)t^r as follows: li k ^ Df-, then = 0, and if t G Ak, 
then = (7^. Suppose that k G -D^ \ D-f-. If is of type I, then we define recursively 
= {l/w{ft))G-^g, where s G S"* is the unique s = s{k,t) G St such that k G D-^ (by (b.l)). 
If /t is of type II, ft = T^seSt ^'^fs, then we simply set G^^ = EseSt ^or t G T, let 

— 2-^ '^k,f 

keDf 

We call (G^)tgr the filtration of {g'^t)t&A.k,k- Whenever there is no possible confusion, we write 
9k,t, Gk,t and Gt instead of the respective g-^^, G^^ and G^^. 

Proposition 8.6. Fix t . Then we have the following: 

(c.l) For every k, suppgfc.t C {fc}. Hence suppg^ C Dt- 

(c.2) If ft is not of type II, then Gt = T.k&Et 9k,t + C^/wift)) Ese5t ^s- 

(c-3) If ft is of type II, ft = EsgS* ^sfs, then Gt = Ese5t ^sGs- 

Proof, (c.l) is clear, (c.2): If ft is of type 0, this is clear. Suppose that ft is of type I. Then 
by definition 

Gt = ^ Gk,t + E = E 9k,t + E E = 

feeEt k&Dt\Et k€Et s€Stk€Dg 

= E 9k,t + E ^ E ^^.^ = E 9k,t + E (59) 

keEt seSt keDs keEt seSt 

(c.3): Suppose that ft is of type II, i.e., ft = YlseSt "^sfs, and suppose that k G Dt. Then, by 
(c.l), Gtick) = Gt,k{fik) = lls&St^^^k,s{^k) = (Ese5t-^5<^s)(eit). If A; ^ A, then Gt(efe) = 0, 
and Y^seSt ^sGs{ek) = 0. □ 

Definition 8.7. ( Canonical Assignment) Suppose that A. = {Ak)k is a regular array for {xk)^^i 
and {ft)teT- Let fk^t = ft{xk)^k f*-"- ^ ^ I-'-''^] ^^d t G .4^. This is the A.-canonical assignment. 

Remark 8.8. Note that if the array A. is maximal, then filtering down the canonical assignment 

we get ft{wk) = Fk,t{^k), for every t ^ T. and k G Dt: If /c G Et, this is just by definition. 
Suppose k ^ Et. If ft is of type I, then Fk^tiek) = i'^/w{ft))Fk^s{ek), where s G S"* is unique 
such that k & Dg. By the maximality of Ak, we get that supp/^/ fl ranw/t = for every 
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s' e St\ {s} (by (b.2)), hence ft{xk) = {l/w{ft))fs{xk) = {l/w{ft))Fk,s{ek) = Fk,t{ek), by 
the inductive hypothesis. If ft = Z^sgS* ^^^/^ °^ type II, then by the maximahty of Ak, 
ft{xk) = YjaeStMOs'^'^f'^^^k) = J2seSt,keDs '^sFk,tiek) = -F)c,t(efc), the last equality because 
Fk,u = if A: ^ Du. 

We obtain that ft(J2k£Dt^kXk) = Ft(J2keDt^kek) = Ftijy^^^bkek) for every sequence of 
scalars (&fc)^=i- The last equality follows from suppGf C Df. In particular, f{Yl^=i^kXk) = 
^0(Z]fc=i bk^k), since Dij) = {k : supp/ fl ranx^ 7^ 0}, by maximality of A.. 

Proposition 8.9. Suppose that A. = {Ak)^^i is a regular array (not necessarily maximal) for 
{xk)l^i and {ft)t(^T- Fix scalars {hk)l=i, {ck)k=i o^^d suppose that {gk,t)t€Ak,k, {hk,t)t(iAk,k are 
A.- assignments. 

(1) If for every t G Ak gk,t{hek) < hk,t{ckek), then for every t € T, Gk,t{bkek) < Hk,t{ckek)- 

(2) ||Gfc,„(efc)||oo < max{||5fc^f|loo : t £ Ak}, for every ugT. 

(3) If for every t £ Ufc=i ^fc J2keEt 9k,t{^kek) < YlkeEt^kA^kSk), then for every t G T, 
GtiT^kGDt ^k^k) < HtiY^keDt Cfc^fc). 

(4) \\Gu\\oo < II T,teAk,k9k,t\\oo for every ueT. 

Proof. This follows from Proposition 18.61 □ 

8.1.3. Two successive filtrations. In some applications of the theory one needs to do the process 
of assignment and filtration twice starting with different arrays of antichains. To see this, 
suppose that C and X> are regular arrays for {xk)^^i and {ft)t<^T- Then we can naturally define 
a X>-assignment {g'^^)t(zv^,,k by taking the filtration g'^^ = Gf^. For this to work, one needs the 
following special relationship between C and 1?. 

Definition 8.10. We write C ii for every k, every c £ Ck and every d € 2?^, we have that 
c -/i. d. A C-assignment {g'^t)k&Ck,k is called coherent provided that g^^ = whenever ft{wk) = 0. 

Proposition 8.11. Suppose that C 1^ are two regular arrays for and {ft)t&T, and 

suppose that 1? is in addition maximal. Fix a coherent C-assignment {g^ t)teCk,k- Then, 

(a) ForeverykeDfnDf^,G^^ = Gf^. 

(b) = gf. 

Proof, (a): If € EJ^ , this is just by definition. Suppose ft is of type I, and suppose that 
k G Df, for some s G St. Then Gf^ = {l/w{ft))Gf^. Since X> is a maximal regular array, 
by Proposition 18.41 (b.2), ran/^/ n rantf^ = for every s' G St\ {s}. If A; G Df, then we are 
done by the inductive hypothesis. So, suppose k G -Ef , i.e., t G Ck- Hence, t ^ u for some 
u £ Vk (because k G D^), contradicting our assumption that C -/<T>. If ft = YlseSt "^^/s is a 
sub-convex combination, then 

= G'I'g = ^ G'^g = ^ G'^s = G^f (60) 

To see the last equality note that if A; ^ DJ^, then, by the maximality of X*, supp fl ran Wk = % 
for every u ^ s, so, by the coherence of the assignment, Gf^ = 0; if A; ^ Df, then k ^ for all 
u ^ s, and so g^^ = for all n ^ s m G Ck, giving us G^^ = 0. 
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(b): Note now that 

For if A; G \ D^, then by the maximahty of X>, for all u & T, supp n vanwk = 0, hence, by 
the coherence of the C-assignment 5^ „ = for all u, and hence = 0; if A; G D"^ \ D^, then 
every Cfc = 0, and so gf^^ = 0. □ 

Let us now give the two main applications of this general theory of tree-analysis. 

8.2. The proof of the basic inequality. Recall that W is the minimal subset of coo(N) 
containing {zte^j^, and closed under (m~^, n4j)-operations. Fix a (C, £)-RIS (x^)^^^, and fix 
(jfe)fc=i witnessing that {xk)k=i is a (C, £)-RIS, i.e., 

a) llxfell < C, 

b) |suppxfcl < nij^^^e and 

c) For all type I functionals (f) of K with w{(f)) < rrij^, |0(a;fc)| < C/w{(f)). Fix a sequence 

of scalars, max^ < 1, and / G K^^. Let {ft)teT be a trcc-analysis of /. Consider the maximal 
regular array A. = {A{xk,C))^^i, where C is the set of nodes t such that ft is of type I and 

w{ft) = rujo. 

We introduce the following two ^-assignments {gk,t)teAk,k, and {rk,t)t&Ak,k- Fix k and t G A- 
If tt is of type 0, then we set g^^t = and r^^t = 0- Suppose that t is of type I, and w{ft) ^ ruj^. 
Let 

It = mm{k G Et : w{ft) < m^J (62) 
if this exists, and It = oo otherwise. Then let 



9k,t 



1 







if k> k 

\ik <lt rk,t 
iik = lt 



ee. 



ii k> It 

if k <lt 
if k = lt 



Suppose now that w{ft) = mj^. Notice that Et is an interval. Set 



kt = max{/ G A : 1^/1 = ll(^i)iG-Bj|oo}- 



Then let 



if k = kt 



9k,t 



rk,t = esfe 



if k^kt 

Let {Gt)teT and {Rt)teT be the corresponding filtrations. 

Claim (D). Fix t G T. Then: 

(d.l) \\Rt\\oo<e. 

(d.2) |/t(EfeeD. bkXk)\ < C{Gt + Rt){T.keD, \h\ek)- 
(d.3) For every t for which ft is of type I, either Gt G conv{/i G W 
+ ht for some k ^ supp ht and ht G conv{/i G W : w^h) = wi^ft)}. 



(63) 



w{h) = w{ft)} or Gt 
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Proof of Claim: (d.l) follows from Proposition 18.91 and (d.2) follows also from the same propo- 
sition applied to the canonical A-assignment, the assignment {C{gk,t + hk,t))t€Ak,ki and the 
sequences of scalars {bk)k and {\bk\)k- 

(d.3): If = rrijg, then t is a catcher and Gt = J2keEt9k,t = € W. Suppose 

that t is of type I, w{ft) 7^ ^n-jo- By (c.2) and the particular ^-assignment, we know that either 
Gt = {l/w{ft)){Ek€Et,k>k 4 + or Gt = el+ht, where ht = {l/w{ft)){Y.k&Euk>h 4 + 

YlseSt ^«)' Assume this last case holds. 

Subcase la. For every s ^ St the functional fs is not of type II. From the inductive hypothesis, 
we have that for every s G St, Gs = hg or Gs = e^* + hg, hg S W . For s G St such that 
Gg = 6;*^ + hg, set ll = {n e N : n < Ig} and = {n G N : n > Ig}. We set h] = ijhg, 
hi = Ighg. Then, for every s G St the functionals hi, e^*^, and h^. are successive and belong to 
W. By (b.l), for s ^ s' G St the corresponding functionals together with {el}k£Et,k>lt form a 
block family, and we obtain that 

#{4}keE,,k>k + #{< ■■ seSt} + #{hl : seSt} + #{^1 : s e St} < A#St. (64) 

Therefore, {l/w{ft)){EkeEM 4 + ^ses, Gs) € W. 

Subcase lb. There are s € St for which fg is of type II. Let Bi be the set of immediate successors 
s of t such that fg is of type II, and B2 = St\ Si. Observe that every sub-convex combination 
fg = Y2ueSs ^ufu satisfies that /„ is of type I. We may assume, allowing repetitions if needed, that 
for every s ^ St such that fg is of type II, fg = {l/k) Y!1=i fs,q, where each fg^g € {/„ : u € Sg}. 
For each q = 1,2, . . . , k we set hj = + J2seB, Gg + EseB^ Gs,q), where 

Gg^q = Gu for u Sg such that fg^q = f^. A similar argument as in the previous subcase shows 
that hi gW with w{hf) = rnj ior q = 1,2, . . . ,k and ht = (l/k) Ylq=i i as required. □ 

The particular case t = 0, the root of T, gives us the conclusion of the Basic Inequality. 

Remark 8.12. Note that a finer assignment using the same array of antichains will actually 
give us the conclusion of the Basic Inequality for a bit smaller auxiliary space T[{mJ^ , 2nj)j]. 

8.3. The proof of the finite interval representability of Jtq- The general scheme of the 
proof is quite similar to the proof of Basic Inequality though the input block sequence of vectors 
is slightly differently chosen. Notice however that the finite interval representability involves two 
inequalities needed for showing that the representing operator as well as its inverse are uniformly 
bounded. Thus, while in the proof of the Basic Inequality we could afford to go the auxiliary 
space T[{mJ^ ,Anj)j] this is no longer possible in this case. In other words, we need to improve 
on the counting inequality (|64|) . It is exactly for this reason that we introduce below two arrays 
of antichains and use two successive filtrations as explained above in Subsection 18.1. 31 

Fix a transfinite block sequence (xa)a<^, n S N, a sequence h < h < ■ ■ ■ < In oi successive, 
not necessarily distinct, infinite intervals of 7, and e > 0. Let jo be such that m2jg+i > lOOn/e 
and set / = n2jo+i/m2jo+i- Find a (1, jo)-dependent sequence {zi,ipi,.. • , ^inajo+i , V^na^o+i) such 
that (a) vanipi C ranzj for every i = l,...,n2jo+i and (b) (2A:)fc=(j_i)i+i ^ {xa)aeh every 
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1, . . . , n. Let 



and for each A; = 1, . . . , n we set 



"l2jo+l 



"2J0 + 1 
i=l 



kl , kl 



^^^^222+1 ^ and (l)k = ^ Vie-^oji- 

Proposition 8.13. Fix A; = 1, . . . , n. Then 

(1) ran (f)i: C ranw^, (pkWk = 1 tw^c^ 1 < ll^^fcll ^ 24. 

("^j For every f G X"^^ of type I with w{f ) > m2j„+i, \ f{wk)\ < l/mlj^^^. 

(3) Let f G K^^ be of type I, f = {l/w{f)) Yfi=i fi with w{f) = m2j+i for j < jo and d < 
n2j+i. Let do = max{z < d : w{fi) <m2jo+i}, and set /l = l/"T.2i+i 1]^^=! and /r = 
lM2j+iEldo+i-^»- ^^^'^ \fUwk)\ < l/^T-ijo+i "■^'^ \M'Wk)\ < l/m2jo+i. 

(4) Let f = {^/wif))Yli=i fi '^^^^ ^(/) = ^-2^0+1 and d < ^2^0+1 such that #{i G : 
w{fi) = wbPi) and suppzj n supp/j / 0} < 2. T/ien, < l/m^^^^p 

Proof. First of all, note that {zi)f^^i_,_^~^ij^^ is a (12, l/n2jo+i)-RIS. Note also that (1) and (^^J 
follow from Proposition 14.71 (3) By the properties of special sequences, 

do-l 

# U supp/i < w(/do) < m2jo+i. (65) 

So, \f-L{wk)\ < ll/oll^ill'Wfclloo < "T-ijo+i/^-sio+i < l/^T-ijo+i- "^'^ estimate |/R(wfc)|. To 

save on notation we only estimate for k = 1. Set 

Fo = {r G [1, /] : #{{i G [do + 1, d] : ranz, n supp/, ^ 0}) > 2}, Fi = [1, 1] \ Fq. 

Notice that |Fo| < n2j+i — 1. For i = 0, 1 let = {mj^/l) J2keFi ^k- Since /r G K^^ and since 
{zk)k is a (12, l/n2j()+i)-RIS, we have that 

I/r(-°)I < < ^ E 11-^11 ^ ^6n2,+r. (66) 

To estimate |/r(w^)| we use the basic inequality. For each i = do + 1; • • • > c?) let 

i^j ={k G Fi : ranzfc n supp/j / 0}. 



Note that {Hi}i is a partition of Fi and is a block family. For z = do + l,...,d, we set 
"^ji/^ J2keHi ^k- Clearly = w^''^°^^ + • • • + w^''^ and hence 

d ^ d 

\fK{w')\< E I/r(^''')1 = ;;^ E (67) 



i=do+l '^2j+l ,i^d^j^i 



Let us estimate now \ fi{w^''^)\, for i = do + 1) • • • ) d. For a fixed such i, applying again the basic 
inequality, we obtain that \fi{w^''^)\ < I2{g\ + 52)("^2jo+i/^ Z^feG-ffi ^k)i where in the worst case, 
g\ = K'- + e^,, with /i* G W, and /i* G convQj/i G : i(;(/i) = w{fi)}. Since the auxiliary space 



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 



58 



is 1-unconditional, by Proposition 14.61 I^Hl'^ajo+i/O SfceH, ^fc)! ^ f^2jQ+i/w{fi). Note that 
llfflllcxD < l/"'2jo+i- Putting all these inequalities together we get 

|/r(w^)| <— I V '^"^Jo+i I i^2jo+in2j+i ^ m.2jo+i j ^ 



12 1 










12 1 


{i=do+l 




m2j+l 1 





^ - I y ---^ju^. I Wlijo+in2j+l ^ m2jo+l 

Using (|66|) and (|68j) we obtain 

< 1^!^ f ^1^2,^1-2^ + ^ + E ^) < (69) 

(^^j Let S = {i £ : w{fi) = w^ipi) and suppzj nsupp/, / 0}. By our assumptions, 

#E < 2. For i € [{k — 1)1, kl] \ E the properties of the dependent sequences yield that |/(2:j)| < 
l/n2jo+i. Hence, \f{wk)\ < 2 • 2Am2jo+i/l + m2jo+i/"-2jo+i < iMij^+i. □ 

Lemma 8.14. For the above defined sequence {wk)k we have that 

n n 

II E&fciffcll < 121|| ^6fcUfc|ljT(, (70) 

k=l k=l 

for every choice of scalars (^fc)fc=i- 

Proof. Fix a sequence (6^)^^-^ of scalars with max^ |6fc| < 1, an / G K^^, and its tree {ft)t£T- 
Antichains. A node t G T is called relevant if (1) w{ft) < ^-2^0+1' ^"^^ (^) if ^ ^ is its 
immediate predecessor, if /„ is of type I, and if w{fu) = m2j+i < m2j(,+i, then t = s(u) = 
max{s (z Su '■ w{fs) < rn-2jQ+i}, where the maximum is taken according to the block ordering 
Su = {si < • • • < Sd}- Let C be the set of nodes t which are either non-relevant, or such that 
ft is of type I and w(/t) = m2jg+i- Let B = iBk)k=i where = A{wk, C) for A; = 1, . . . , n (see 
(A.1)-(A.5) in Proposition ESI above). For each k, let B^'^'^ = S{Bk) \ C be the set of splitters 
that are not in C, Bl""^ = n C, and = \ (i3^°^ U Bf"^). 

Fix u € 0™'^, and observe that u is a splitter of for every k G E^. List all s (z Su such that 
ran/s n ranw^ ^ ,{sk,i, • • • , ordered according to the block ordering /^j. ^ < • • • < /^^ ^. 
Set 

w'k,u ='Wk I [min supp Wk, max supp /^^ J 
w^fclix =Wk - wf ^. 

For * G {in, fin}, let B'^^ = A{w^^,C^'''), where C™' is the set of non-relevant nodes of T. Set 
^k ~ UMeB"n<: '^feu- Observe that B* = (S^)^^^ is a regular (not necessarily maximal) arrow for 
(^fc)fc=i and {ft)t£T, whenever ★ G {in, fin, end, at}. 

Assignments and filtrations. Consider the following B*-assignments {g^ t)k£Bl,k where * G 
{in, fin, end}, and {rl^^)keBl,k where -k G {in, fin, end, at}: Fix k, and t G U*e{m,fin,cnd,at} ^fc- 
(a) Suppose that ft is of type 0. Then we set = (l/m2jo+i)e^ if t G and we set g^t — ^ 
and rl^ = (l/m2jo+i)e^, if t G for some -k G {in, fin}. 
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(b) Suppose that t is non-relevant. Then clearly t ^ B^^. Fix * G {in, fin, end}. We set g\^ = d 
in all cases. Suppose that w{ft) > m2jQ+i- Then we set r^.^ = (l/m2jo+i)e^ for * £ {in, fin}, 
and rf^f = (sgn(6fc)/m2j(,+i)e^. Finally, if t / s{u), where u is the immediate predecessor 
of t (see the definition of relevant node), then we set j = ||/t(wfe)||e^ for € {in, fin} and 
rlf = sgn{h)mwk)\\el. 

(c) Suppose now that t is relevant. There are two subcases. 

(c.l) w{ft) = m2jo+i. If t G Bl, for -k G {in, fin}, then we set g^.^. = {l/w{ft))el and r^^^ = 0. 
Suppose that t G B'j^^^. Suppose that ft = ±I{l/m2jQ+i)Yli=i^^ 9ii where / C wi is an 
interval, and ^ = (5(1, . . . , g„2jQ+i) is a 2jo + 1-special sequence. Set = {ipi, . . . ,tpn2ji-^+i)- 
Consider It = {i e [1, - 1] : Igi 7^ 0} = [k{t, l),k{t, 2)], and let et = sgn(X]fc=f(t7i)+i h)- If 
k = k(t, i) for i = 1, 2, then we set g^^ = sgn {bf,(^t,i))^*k{t i) ^^"^ ^fc t ~ set (7^ ^ ' * = e^e^ 

and , ' = if A: G {k{t,l),k{t,2)). We set = 0, and rlf = sgn(6fc)(l/m2j-o+i)e* 
otherwise. 

(c.2) Suppose that w{ft) 7^ m2jo+i- Then t G B^, for some * G {in, fin}. Set g^^ = {l/w{ft))el. 
and f = for all cases, except for w{ft) = m2j+i < ?Ti2jo+i- this case, we observe 
that since t is splitting there are at least two immediate successor si 7^ S2 G St such that 
ran „ n ran /^^ 7^ (i = 1, 2) for some u ^ B^. This implies that there is at most one k G Ef* 
such that ran/5(() PI ranw^^ 7^ for t> G -B™, and t G B^^. Then we set 51^ j = (l/m2j(,+i)e^ 
and ^ = if /c is this one, and 5^ ^ = and r^t~ /"^2jo+i)e^ otherwise. 

Let {Gt)teT 1 {Rt)teT be the corresponding filtrations. Recall that given a regular array A. = 
{Ak)k for (xfe)fc and {ft)ter the canonical ^-assignment ifk^t)teAk,k is defined by = /(xfc)e^. 
It was shown in Remark 18. 71 that if in addition A is maximal, then for every (a^)^^^ and every 

Claim. Fix t E T, and for -k G {in, fin, end, at} let D* = D^* . Then: 

(e.l) iFHEkeDt hek)\ < 24{Gt + Rt){EkeDt \bk\ek) for ^ e {in, fin}. 

(e.2) |Fr'i(EfceDr<^^^'efc)l <24(Gr'^ + it:r'')(EfceDcnd6fcefc). 

(e.3) \Ft{T.k^of)bkek\<2mt{Y.k^Df)bkek\- 

(e.4) G*t G W{To) for ★ G {in, fin}, and G^^^ G 3W{Jto)- 

(e.5) ||i?f*||oo < l/?7i2jo+i- For G {in, fin, end}, either t is non-relevant, w{ft) < ?n'2jo+i ^'^^ 
Gl = J2keEf \\ftiwk)\\el or \\Rt\\oo < l/m2jo+i- 

Proof of Claim: (e.l)-(e.3) are immediate applications of Proposition IHUl (e.4)'- Most of the 
cases follow immediately by definition of the corresponding assignments. We sketch the non- 
trivial ones: Suppose that t is relevant. If w{ft) = m2jo+i, then Z)™^ = £'™*^, and the cor- 
responding assignment gives that G?"^ = Aie*^^^^) + A2e*(^ 2) + J2keE--'in(k{t,i),k(t,2)) 4 ^ 
3W{Jto), where Aj = sgn(6;(,(( j))x£;cnd(/c(t, i)), for i = 1,2, and where xe denotes the char- 
acteristic function of E. Fix ★ G {in, fin}. We claim that < 1: Suppose not, and say that 
ki < k2 & D^. Then since w{ft) = m2jo+i there are Ui G S^"*^ and Sj G B^, ^. (i = 1, 2) such that 
ui,U2 ^ t ^ si,S2- If * = in, then since ran/t C ran/^^^^ it follows that ran/^ < ranwk2, 
and since ran/^j C ran ft, we obtain that ran/^j H ran^y^j = 0, contradicting the fact that 
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S2 S B^j^^ If * = fin, in a similar manner we obtain that rantD^^ fi ran/^^ = 0, a contradic- 
tion. Hence, either = 0, or G* = (l/m2jo+i)efc, certainly in W{To) considered as sub-convex 
combinations. 

Suppose now that w^ft) / m2jo+i- There are three subcases to consider: If w{ft) > m2jg+i, 
then t is non-relevant, hence a catcher node, and G^ = YlkeE* 9k t ~ ^- '^ift) = "^2^ 
with j < jo, then the inductive hypothesis gives that G SW{Jto) (since E^'"^ = 0). Fix 

•k G {in, fin}. Observe that for every k £ E* there is s G 5^ such that ran/^ C ranwk, in which 
case Dt = 0, and so #Et + #{s G St : Gf"" / 0} < #St, and then, Gt = (l/w^(/0)(Efcei?,^ 4 + 
Eses.Gt)eW{To). 

If w{ft) = m2j+i < m2ja+i, then using that there is at most one immediate successor s{t) of 
t which is relevant we obtain that either G^t'"^ = 0, or G^"'^ = {l/m2j)Gf^^y and for * G {in, fin}, 
either G^ = {l/m2j+i)el, or Gt = {l/m2j+i)G*^^y 

(e.5): ||i?f'*||oo < l/"i2jo+i follows from Proposition 18.91 since this is so for the corresponding 
assignment of which Rf' is a filtration. Suppose that -k G {in, fin, end}. The proof is by backwards 
induction over t. Again we concentrate in non-trivial cases. Suppose that ft is of type I and t 
is relevant. Then if w{ft) = m2j with j < jo, then the desired result follows from the definition 
of the corresponding assignments, and inductive hypothesis. Suppose that wi^ft) = m2j+i with 
j < jo- Then R* = 'Yuk&E*'''kt + (^/'"^(/t)) SseSt -^s- -^y definition of the assignments, 
ll'^fctlloo < l/"i2jo+i foi' every k G E*. Observe that all s G St, except possibly one, are 
non-relevant and that ^ = ||/s(u^A:)||e^ for every k € E* = D*. Hence, for every s G St\{s{t)}, 
\\{l/w{ft))R*\\oo = max{(l/t(;(/t))||/s(?i;fc)|| : k G E*} < l/m2j+i; the last inequality follows 
from Proposition IH.l'Al By the inductive hypothesis ||-R*^^^||oo < l/"i2jo+ii so we are done. 

Suppose that t is non-relevant. The case w{ft) > m2j(,+i is immediate. Suppose that = 
1712 j and t 7^ s{u), where u is the immediate predecessor of t (see the definition of relevant node). 
Notice that t is a catcher, so E* = D*, and i?* = YlkeE* ll/t(^fe) IkL ^ desired. □ 

We are now ready to finish the proof using the part 18.1."^ of the general theory above. Notice 
that for each * G {in, fin, end, at}, iB* 7^ iB, and that the canonical assignments of B* are coher- 
ent. Let {ht. ^)t£Bk,k be the assignments induced by the canonical jB*-assignments {f^ t)teBl,k, 
for G {in, fin, end, at}. 

Claim. For every t G T, Hf" + Hf'^ + Ftr""^ + Ff = F^ , the canonical assignment of B. 

Proof of Claim: We show that for every t e B^, hf^ + + N)^^ + hf^ = ft{wk)el. The only 
non trivial case is if t G B'^^'^. Notice that since ^ is a maximal antichain for w^. t and {fs)syt, 
we obtain that hl^, = F^, = ft{wyel. Hence, /^^ + /f- = (/^(u^i^J + ftiw^^M = ftiw^H, 
and /i^ J = for ★ G {end, at}. □ 

Finally, by Proposition 18.111 = F^, for ★ G {in, fin, end, at}. Hence, 

n n 

\fiY.b,Wk)\ =\F^{J2bkek)\ < E l^0( E ^'^^fc)! ^ 

k=l k=l Vce{in,fin,cnd,at} f'^D^ 

n n n 

<24(5||^6fcefc||j^^ +4||^6fcefc||oo) < 120|| ^ efc|| j^^ + e. (71) 

k=l k=l k=l 
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□ 

Corollary 8.15. The natural isomorphism F : {wi, . . . , Wn) — > {vi, . . . , Vn) defined by F{wi) = 
Vi satisfies that ||i^|| < 1 and < 120 + e. Consequently, J-j;, is finite interval representable 

on the basis {ea)a<iui of X^j^ with a constant C < 121. 

Proof. Proposition lS.lll shows that \\F\\ < 1: the other inequality follows from Lemma l8.14l □ 

9. The unconditional counterpart 

We produce a space which is the counterpart of X^}-^ in the frame of the spaces with 
an unconditional basis, as in JJ. This space is defined as was X^,^ by a norming family of 
functionals K^^ satisfying (l)-(4) from Subsection 12.21 and in addition the following condition 

(5) It is closed under the restriction of all functionals with odd weight to every subset of ui 

Although belongs to the class of spaces with an unconditional basis its study uses the same 
tools used in the study of X^^-^. For example, given a bounded operator T : — > X"^ the 
transfinite sequence ((i(Te^, Me^))^<a;i belongs to co(a'i), and the operator T is strictly singular 
if and only if the sequence (||T'e^||)^<i^;^ belongs to co(a'i). 

Remark 9.1. 1. The basic inequality fLemma 14. 4|) still remains true provided that H18|) holds 
for an arbitrary subset E Q [l,n], not only for intervals. 

2. For every block sequence {yn)n of X^^ and every j there is a (6,j)-exact pair {y,(j)) with 
y £ {yn)n (indeed, what one locates first are 2 — averages.) 

The next result is the corresponding analogue from |13j . 

Proposition 9.2. Let T : X"^ X"^ be bounded, and let {xn)n be a RIS of X]^_^. For each n, 
let Bn U Cn — suppXn be a partition. Then limn^oo 

Proof. (Sketch) Assume not. Notice that since {xn)n is a block sequence, so is {CnTBnXn)n- 
Going to a subsequence if needed we assume that inf„ ||C„ri?„x„|| > e > 0. Since for every G 
Ku,Lui, the restriction A(j) G K^^^^-^ for every subset E uji, we have that the sequence {BnXn)n 
is also RIS. Now for each n, choose /„ G Ku^ui^ such that supp/„ C Cn and fn{CnTBnXn) > £■ 
Let j be such that ||T|| < m2j+i£, and find appropriate {2ji)^l^^^ such that 

is a (0, j)-dependent sequence, for Fi < • • • < -Fn2j+i) each #Fj = n2j^. Then, |[Tx|| > e/m,2j+i > 
||T|| where x = l/n2j+i Yld=i^ {m2jjn2j^ ^keF, ^kXk), a contradiction. □ 

Proposition 9.3. Let T : X"^ — > X^^ be bounded such that for all a < coi, e^^Tca = 0. Then 
lim„_^oo Txn = for every RIS (x„)„. 

Proof. For each n, let An = suppx^. 

Claim. lim„^oo ^„Tx„ = 0. 
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Proof of Claim: Notice that 

A - J #k S(B,c)eP„ BTCxn if even 

I 2L„(2L„+l)((L„+l)^+l) 1 ^ ^''^) 

where L„ is the entire part of #An/2, and 



^ I {(5, C) : 5 u C = yl„, 5 n C = 0, #B = suppx„/2} if #A„ even 
" j : 5UC7 = yl„, 5nC7 = 0, [#S-#C7| = 1} if odd ^ ^ 

Hence, A„rx„ = (A„/#P„,) c)gp^ BTCxn with 1 < A„ < 4. By PropositionEISl ^n^Xn 
0, as desired. □ 

Now suppose that hm„^oo Txn ^ 0. W.l.o.g. we may assume that {Txn)n is a block sequence 
and with support disjoint from {xn)n (let 70 be the minimal 7 < oji such that there is some 
infinite A such that inf^g^i ||P^Tx„|| > 0; now, replacing T by P^jqT, and going to a subsequence 
{xn)neA we may assume that (Tx„)„ is a block sequence. By the previous Claim we obtain that 
AjiTxn —i-n 0, so we may assume that {Txn)n and {xn)n are disjointly supported). Now it is 
easy to produce, for large enough j, a (0,j) -dependent sequence (yi, 01, . . . , 2/^2^+1 1 4'n2j+i ) such 
that \\T{{l/n2j+i)J2iyi)\\ > ll^llll(l/"-2i+i) a contradiction. □ 

In the same way one can show the following useful result. 

Proposition 9.4. For every X ^ X"^ generated by a block seQuefice (^x^^n — every bounded 
T : X — > ^[I;^^^^) is strictly singular. Indeed, lim„^oo Tyn = for every RIS {yn)n in ^ ■ D 

Corollary 9.5. For every X ^ jC"^ and every e > 0, there is some block sequence {zn)n of 
and some Schauder basis {xn)n ^ X such that \\zn — Xn\\ < £■ 

Proof. Fix X ^ X"^. By standard facts of transfinite block sequences (see Proposition II. 3|) 
we can find some A < a block sequence {wn)n of 36^, and a sequence {yn)n ^ X such that 
^„ \\P\yn — Zn\\ < e/2. W.l.o.g. (going to a block subsequence if needed) we may assume that 
{zn)n is a RIS. Consider U : {wn)n ^ defined by U{wn) = P[x,uji)Xn- Since P\\{yn)n is an 
isomorphism, [/ is bounded. By Proposition 19. 4[ U is strictly singular. Hence we can find a 
block subsequence {zn)n of (u)„)„ and the corresponding block subsequence {xn)n of {yn)n such 
that ||z„ — Xn\\ < £• n 

Corollary 9.6. // T : ^ X"^ zs bounded and for all a we have that e'^Tca = 0, then T is 
strictly singular. 

Proof. Let X ^ X"^, and fix e > 0. Choose some RIS {zn)n and some sequence {xn)n ^ X 
such that \\zn — Xn\\ < e/||r||. By Proposition 19.31 liuin^ooTxn = 0. Hence we can find 
X G {xn)n such that ||Tx|| < e. □ 

Corollary 9.7. For any T : X"^ ^^i? there is some diagonal operator Dt such that S = 
T — Dt is strictly singular, Sca = for all a < uji and S has separable range. 

Proof. Let Dt ■ X^^ — > X^^ be defined for a < ui by DT^ea) = e* (TeQ,)ea. Dt is bounded 
and by Corollary 19.61 T — Dt is strictly singular. □ 
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Corollary 9.8. For any infinite j4 C cji, the space X\ is reflexive with an unconditional basis 
and 

>C(X^) ^ P(X^) e S{Xl). (75) 

□ 

Here P(X^) denotes the space of the diagonal operators and S{X'\) is the space of strictly 
singular operators S with separable range such that e* (Seo,) = for every a £ A. 

Corollary 9.9. For any infinite A uji, is not isomorphic to a proper subspace of itself. 

Proof. Let X ^ T : ^ X be an isomorphism and let U = ix,x^°T be a semi-Fredholm 
operator with a{U) = 0. Then U = Du + S, Djj diagonal such that DT{ea) = e*^iTea)ea, and 
5 strictly singular. Since Djj is a strictly singular perturbation of the semi-Fredholm operator 
U with a{U) = 0, Du is semi-Fredholm, and a{Du) < oo. But KeiDu = ({cq, : Tca = 0}). 
So, DuX\ = {{ca '■ Tca 7^ 0}) which has co-dimension equal to a{Du), hence Du and U are 
Fredholm with index 0. Since U is 1-1, this implies that X = X^, as desired. □ 

Corollary 9.10. Let A,B two infinite sets of countable ordinals such that AnB is finite. Then 
every bounded operator T : X\ — > X^ is strictly singular. □ 

Corollary 9.11. There is a nonseparable reflexive space X with an unconditional basis such 
that 

(a) X is not isomorphic to any of its proper subspaces. 

(b ) Every bounded linear operator T : X ^ X is of the form D + S with D a diagonal operator 
and S a strictly singular operator with separable range. 

(c) For every Ii, I2 infinite disjoint subsets of uji the spaces Xj^, Xj^ are totally incomparable. 

Suppose now that in addition g is universal. 

Corollary 9.12. For every interval I of ordinals, {ea)ael ^-^ nearly subsymmetric. Moreover, 
for any two minimal intervals I = [a,a + uj), J = [P,P + uj), X^ is an asymptotic version ofX'j. 

So, if we consider the version of obtained by a universal £»-function then the unconditional 
basis {ea)a<uji is nearly subsymmetric and for any pair of disjoint minimal infinite intervals /i, 
I2 XJ_^ is an asymptotic version of XJ^ , while they are totally incomparable. 

Proposition 9.13. The unconditional counterpart jC"^ is arbitrarily distortable. 

Proof. The norms (|| • arbitrarily distort the space X^_^, since (6,j)-exact pairs exist in 

every block sequence and by Corollarv 19.51 everv subspace X ^ "almost" contains a block 
sequence. □ 
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